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Abstract. We focus on topological equisingularity of families of holomorphic 
function germs with 1-dimensional critical set. We introduce the notion of eq- 
uisingularity at the critical set and prove that any family which is equisingular 
at the critical set is topologically equisingular. We show that if a family of 
germs with 1-dimensional critical set has constant generic Le numbers then it is 
equisingular at the critical set, and hence topologically equisingular (answering 
a question of D. Massey). We use this to modify the definition of singular- 
ity stem present in the literature, introducing and characterising topological 
stems (being this concept closely related with Arnold's series of singularities). 
We provide another sufficient condition for topological equisingularity for fam- 
ilies whose reduced critical set is deformed flatly. Finally we study how the 
critical set can be deformed in a topologically equisingular family and provide 
examples of topologically equisingular families whose critical set is a non-flat 
deformation with singular special fibre and smooth generic fibre. 



1. Introduction 

In this paper we answer several topological equisingularity questions for holo- 
morphic function germs with 1-dimensional critical set. 

The topological equisingularity notions that we will handle are the following. 
Denote by i?e and the ball and the sphere of radius e centered at the origin of 
C". Let / : (C",0) — > C be a holomorphic germ. The embedded link of / is the 
topological type of the pair (§e,/^^(0) n S^) for e sufficiently small; the abstract 
link is the topological type of /~^(0) fl S^. Two germs / and g are topologically R- 
equivalent if there is a germ of self-homeomorphism ip of (C", O) such that g = foip; 
if we only have that ip{f^^{0)) = g^^(O) then we say that / and g have the same 
topological type. By the conical structure of singularities having the same embed- 
ded hnk imphes having the same topological type. A family ft : (C",0) ^ C of 
holomorphic germs depending continuously on a parameter t varying in a manifold 
T is topologically R- equisingular if there is a family of self-homeomorphisms ipt de- 
pending continuously in t and parametrised over T such that ft^ft — fta for ^ fixed 
to ^ T and any t E T. 

Topological equisingularity has proved to be a very subtle subject, with several 
long standing open questions. For instance Zariski's Multiplicity Question asks 
whether two germs with the same topological type must have the same multiplicity 
(Question A. fH]). 

Suppose that ft has an isolated singularity at the origin and that the Milnor 
number of ft is independent on t. Assume n ^ 3. Le and Ramanujam JHI proved 
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that the diffeomorphism type of the Mihior fibration of / and of the embedded 
Unk are independent on t. Later King 8 and Timourian proved that for any 
t ^ T there is a neighborhood U of i in T such that the restriction of ft over U 
is topologicaUy i?-equisingular. As the Milnor number is a topological invariant, if 
n 7^ 3, it is an invariant characterising topological equisingularity for germs with 
isolated singularities. Answering whether families with constant Milnor number are 
topologicaUy equisingular for n = 3 is a major open problem. 

Topological equisingularity for germs having not necessarily isolated singulari- 
ties turns out to be much more difficult, and the theory is less developed than in 
the case of germs with isolated singularities. As an illustration of this, and also to 
motivate the results of this paper, let us mention some of the latest developments. 
In P2], Massey introduced the Le numbers, a set of polar invariants attached 
to a germ and to a coordinate system. Suppose that the family ft depends holo- 
morphically on a complex parameter t and that the critical set of ft has dimension 
s (with n > s + 4) for any t G T, Massey [TJ proved that if the Le numbers of ft 
with respect to a coordinate system (satisfying a certain genericity property) are 
constant then the diffeomorphism type of the Milnor fibration of /( is independent 
on t (it was proved by the author in "F that the homotopy type of the abstract links 
remains constant if n > 4, without the condition that n > s + A). It remained open 
whether the embedded topological type of ft is independent on t. This was an- 
swered in the negative in '5', where counterexamples with critical set of dimension 
3 were provided (a counterexample of Zariski's Question B, of 2^ was constructed 
as an application). Probably, the main reason of the failure of the Le numbers in 
controlling the embedded topological type is the fact that they control primarily 
the Milnor fibration, but, as it is shown in in the case of non- isolated singular- 
ities the relation of the Milnor fibration with the embedded topological type is, in 
general, weak (in the case of isolated singularities the Milnor fibration determines 
the embedded topological type). On the other hand, in [^, it was shown that the 
generic Le numbers are not topological invariants (even in the case of critical set 
of dimension 1). A different approach for topological equisingularity of families 
of functions satisfying certain conditions on their Newton polytope can be found 

in El- 

In this paper we adopt a new viewpoint towards topological equisingularity. 
Although a general formulation of it is possible (and the reader is encouraged to 
figure it out) we introduce it for the case of functions with 1-dimensional critical set 
(which are the object of interest along this paper). Functions with 1-dimensional 
critical set occupy a distinguished position among those with non-isolated singu- 
larities, since they are at the limit of series of singularities; we will be more explicit 
about this below. The critical set of such a function / (the support of the sheaf of 
vanishing cycles) is a curve which is stratified by the Milnor number of the singular- 
ity of the generic transverse hyperplane sections. Roughly speaking, a family ft is 
equisingular at the critical set if there is a family of self-homemorphisms of (C", O) 
topologicaUy trivialising the family of critical sets and respecting the stratification 
by transverse Milnor number outside the origin (see Definition I24|l . We may view 
equisingularity at the critical set as an intermediate notion between topological 
equisingularity itself and the constancy of any candidate set of invariants intended 
to imply topological equisingularity. The strategy is to prove that equisingularity 
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at the critical set implies (any notion of) topological equisingularity and to find 
numerical invariants implying equisingularity at the critical set. 

Now we summarise the main results of this paper. In the families that one finds 
in practice, the dependence on the parameter is always at least differentiable. We 
will work in this paper with families ft of holomorphic germs with 1-dimensional 
critical set depending smoothly on a parameter t varying on a manifold T. We will 
gain, in case that the family is topologically equisingular, some additional regular- 
ity on the trivialising family of homeomorphisms. Often in this paper the space of 
paremeters T is assumed to be (diffeomorphic to) a cube [0, 1]". This is due to the 
fact that we prove topological equisingularity theorems which are global over the 
parameter space, and in order to achieve it is necessary that the parameter space 
has trivial topology. Anyway, if the objetive was to obtain equisingularity results 
local over the parameter space, the assumption that it is a cube does not decrease 
generality. 

Theorem A. (See Theorems 1341 and 1401 for more details.) If ft is equisingular at 
the critical set then 

(i) The diffeomorphism type of the Milnor fibration of ft is independent on t. 

(a) The topological type of the embedded link and the topological right- equivalence 
type of ft are independent on t. 

(Hi) If T is a cube then ft is topologically R- equisingular over T. The family of 
homeomorphisms tpt trivialising ft satisfies that the restrictions of ft to the 
complement of the critical set, and to the critical set minus the origin is a 
diffeomorphism, and the dependence on t of (ft restricted to these strata is 
differentiable. 



Theorem B. (See Theorem l42l ') If ft depends holomorphically on a parameter and 
any of the following conditions hold: 

(1) there is a coordinate system Z such that the Le numbers at the origin of ft 
with respect to Z are defined and independent of t, 

(2) the generic Le numbers at the origin of ft are independent oft, 

then ft is equisingular at the critical set. 

We immediately deduce 

Corollary C. (See Theorem 1411 ') Suppose that ft depends holomorphically on a 
parameter, if one of the following conditions hold 

(1) there is a coordinate system Z such that the Le numbers at the origin of ft 
with respect to Z are defined and independent of t, 

(2) the generic Le numbers at the origin of ft are independent oft, 

then the embedded topological type of ft at the origin and the the diffeomorphism 
type of the Milnor fibration is independent oftET. Moreover, if T is (diffeomor- 
phic to) a cube, the restriction of the family over T is topologically R- equisingular. 
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This recovers Massey's Theorem for 1-dimensional critical set and answers 
positively Massey's question about the embedded topological type, in contrast with 
what happens for higher dimensional critical set 

Isolated hypersurface singularities are related to non-isolated ones through the 
idea of "series of singularities" . In his classification of low codimensional /i-classes 
of isolated singularites 0, [J, Arnol'd observed that the list of singularities splits 
into series. Although it was impossible to give a precise definition of what a series 
of singularities is, it became clear that series are associated with singularities of in- 
finite codimension (non-isolated singularities). Inspired by Arnol'd remark C.T.C 
Wall formulated a conjecture (see the Conjecture at the introduction of 20 ), or 
rather, a guiding principle for classification of singularities. Later D. Mond [T?)] 
introduced the idea of singularity stem, as a first step to understand the notion of 
series of singularities in the context of mappings from C'^ to C'^ (the idea is that 
a singularity stem is a non-isolated singularity which lies in the limit of a series of 
singularities). Following a suggestion of Montaldi, Pellikaan [T7' defined inductively 
the notion of stem of degree d, characterised stems of degree 1 as functions with 
irreducible 1-dimensional critical set and transversal type Ai , and proved that any 
stem of finite degree is a function with 1-dimensional critical set. He was also able 
to give bounds on the degree of the stem depending on the number of irreducible 
components of the critical set of the function and the transversal Milnor number. 
Here we modify the concept of stem and define topological stem (see Definition l50|l . 
With this notion we prove 

Theorem D. (See Theorem 15 II A holomorphic function germ f : (C",0) — > C is 
a topological stem of positive finite degree if and only if its critical set is 1-dimesional 
at the origin. Moreover the degree of the stem is bounded above by the generic first 
Le number at the origin of f . 

Our modification of the definition of stem consists essentially in replacing dif- 
fcrcntiable i?-equivalence by topological i?-equivalence. This is natural since series 
in Arnol'd classification of singularities are in fact topological series (series of /i- 
classes), and thus it is therefore reasonable that the object to find at the limit of the 
series admits a topological definition as well. It is interesting to notice that Theo- 
rem D is an application of our sufficient conditions for topological i?,-equisingularity, 
which is not at reach using any of the previously known sufficient conditions for 
equisingularity. 

A consequence of our theory and of the results of jS] is the following theorem, 
giving an alternative sufficient condition of topological equisingularity, for the case 
that the reduced critical set is deformed flatly: 

Theorem E. (See Theorem ES) Let f : C x (C",0) (C,0) be a family of 
holomorphic germs at the origin, holomorphically depending on a parameter t, and 
having l-dimensional critical set at the origin. Let E :— V{df /dzi, ...,df /dzn). 
Suppose that all the irreducible components of E at (0, O) are of dimension 2 and 
that the restriction 

is a flat morphism with reduced fibres ( where Ered is E with reduced structure and 
TT is the restriction of the projection of C x C" to the first factor) such that the 
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Milnor number at the origin ^[[Y,red)t, O) (in the sense of Z ) is independent of t. 
If, in a neighborhood of (0,0) in C x C", the generic transversal Milnor number 
of ft cit any point {t,x) of S^ed \ C x {O} only depends on the irreducible compo- 
nent ofYired to which {t,x) bclongs then the family f is topologically R-equisingular. 

Finally we study how the reduced critical set may vary in a family which is 
topologically i?-equisingular. It seems that there are no further restrictions appart 
from the obvious topological ones. We observe a great amount of flexibility in the 
critical set of a topologically equisingular family. We exhibit a family ft (see Exam- 
ple I^J which is topologically i?-equisingular and the reduced critical set is singular 
for t ~ and smooth for t ^ (thus the deformation of reduced critical sets is 
non flat). To the author's knowledge it is the first time that this phenomenon is 
observed. Example 1541 is a family for which the sufficient conditions for topological 
equisingularity given in Theorem E fail: we really need the finer Theorem A to 
establish the equisingularity. In Problem 1561 we propose to construct more families 
which are equisingular at the critical set starting out of deformations of parametri- 
sations (this is the way how Example 1541 was constructed). The motivation for it 
is based on the following observation: the change at multiplicity of the critical set 
of ft implies, using Le-Iomdine formulas (see P^^), that adding a high power of a 
linear function to ft will not yield a /i-contant family. This suggests that, in the 
realm of function germs with 1-dimensional critical set, we have more space to find 
a possible counterexample of Zariski's multiplicity question than in the realm of 
isolated singularities. 

For the proof of Theorem A we need a improved version of the Theorems of King 
and Timourian as follows: 

Preliminary Theorem. Let ft be a family of germs with isolated singularities at 
the origin, with constant Milnor number, and depending smoothly on a parameter t 
which varies on a cube T. Then the family is topologically R-equisingular over T, 
and the restriction of the trivialising family of homeomorphisms tpt, to C" \ {O} is 
a family of diffeomorphisms depending smoothly on the parameter t. 

The methods appearing in 0, |H] and are certainly local in the base. We need 
to introduce a new device, which we call a cut, which allow us to prove the result 
above, which is global in the base, and also enables to prove the differentiability 
outside the origin. Moreover the method with which we prove the Preliminary 
Theorem provides tools that generalise well to prove Theorem A. 

A natural question is to determine the relation between equisingularity at the 
critical set and topological equisingularity. We conjecture that they coincide: 

Conjecture A. A family ft of function germs with 1-dimensional critical set de- 
pending smoothly on t is equisingular at the critical set if and only if ft is topolog- 
ically equisingular to ff, for any parameters t,t'. 

It is easy to reduce the above conjecture to the following one: 
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Conjecture B. Let f be a function germ with smooth 1- dimensional critical set 
such that the transversal Milnor number of f at any point of its critical set is in- 
dependent on the point. Then any function germ g topologically equisingular to f 
has smooth critical set and constant transversal Milnor number. 

Actually I expect the following stronger statement to be true: 

Conjecture C. Let g be a function germ with irreducible l-dimensional critical 
set. Let fj, denote the transversal Milnor number of f at a generic point of its 
critical set. Lf the reduced Euler characteristic of the Milnor fibre of f is equal to 
(— then f is a function germ with smooth l-dimensional critical set such that 
the transversal Milnor number of f at any point of its critical set is equal to ^l. 

In fact, by a recent result of Le-Massey [H] and Tibar 18 , in conjectures B 
and C it suffices to prove that the critical set of g is smooth. Conjecture C is a 
numerical characterisation of function germs with l-dimensional critical set which 
are topologically a product. 

The material is distributed as follows. 

In Section 2 we introduce cuts and prove the Preliminary Theorem. In Section 3 
we define a particular kind of neighborhoods of the origin in C" which are essential 
in the proof of Theorem A. In Section 4 we introduce equisingularity at the critical 
set. In Section 5 we prove parts {i) and (m) of Theorem A. In Section 6 we prove 
part (iii) of Theorem A. In Section 7 we prove Theorem B. In Section 8 we define 
topological stems and prove Theorem D. Finally, in Section 9 we prove Theorem E, 
study how the reduce critical set deforms in a topologically equisingular family, and 
construct Example 1541 

I would like to thank M. Pe Pereira and T. Gaffney for their careful reading 
and useful corrections and suggestions. This paper is dedicated to Maria Jose 
Hernandez Navarro and to Juan Jose Olazabal Valverde. 

2. The case of isolated singularities revisited 

2.1. Cobordisms. A subspace X C is smoothly stratified ii it admits an strat- 
ification whose strata are smooth submanifolds. A stratified subspace Y C X is 
a subspace which is a union of strata. Given any subset X of M.^ we denote by 
X the subset of interior points, and by dX its frontier X \ X. Observe that if 
AT is a stratified space, then both X and dX are forcedly stratified subspaces. A 
stratified cobordism between Xq and Xi is, by definition, a triple {X, Xq, Xi) given 
by a stratified space X and two stratified subspaces Xq, Xi of dX, satisfying the 
following condition: for any stratum A C X the "cobordism closure" 

A:= AU{dAr\ (ATi U X2)) 

has a structure of manifold with boundary (being the boundary dAr\{Xi UX2)). A 
stratified cobordism is homotopically (homologically) trivial if the inclusions of Xq 
and Xi in X are homotopy (homology) equivalences. Given a stratified space Y , 
the product Y x [0, 1] inherits a natural stratification which makes the triple {Y x 
[0,1], y X {0},F X {1}) a stratified cobordism. A stratified cobordisms {Y,Yo,Yi) 
is trivial if there is a homeomorphism 

^ : (x,Xo,Xi) ^ (y X [o,i],y X {o},y X {i}) 
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such that for any stratum A C X there is a stratum B C Y such that 

v\^:A^Bx [0,1] 

is a diffeomorphims between manifolds with boundary. Two special cases of strat- 
ified cobordisms will be of special interest. The first is the case in which X is a 
compact manifold with two boundary components Xi and X2. Then our definitions 
coincide with the usual ones. We will say that in this case we have a (non-stratified) 
cobordism between Xi and X2. The second is when X is a manifold with corners 
and the boundary dX admits a decomposition dX = XqUXiUY . where Xq, Xi and 
Y are manifolds with boundary and we have dX^ = fl F, dXi = Xlf^Y. Then 
dY = dXo U dXi and (F, F n Xq, F n Xi) is a cobordism. We say that {X, Xq, Xi) 
is a cobordism with boundary between Xq and Xi, and that {Y,Y r\ Xo,Y Ci Xi) is 
the boundary cobordism. 

Setting and notation. Thorought the rest of this section we denote by 

be a smooth complex vector bundle of rank n over a manifold U. Let 

f -.E^C 

be a smooth germ at {0}xU whose restrictions to the fibres of tt are holomorphic. 
Assume that the Milnor number l-t{f\Ep) is independent of p gU. Denote by 

(j):E^U xC 

the mapping (p := (tt, /). Fix a hermitian metric for the vector bundle E and let p 

be the associated (fibrcwisc) "distance to the origin" function. Consider K C U and 
let 6 : K R+ be any positive continuous function. We define the ^-neighborhood 
of K as 

B{K, e):={xeE: Tr{x) e K and p{x) < e{w{x))}. 

Given subsets A C U and B C E, we will denote the intersection B D Tr~^{A) by 
Ba or by B\a. 

2.2. Cuts. 

Definition 1. A cut for / over a submanifold (possibly non-closed and with cor- 
ners) V CU with amplitude 6 is a closed smooth hypersurface H of (j)~^{V x Dg) 
with the following properties: 

(1) For any (t,s) E V x Dg the level set (f>~^{t,s) is smooth outside the zero 
section of tt and transverse to H at any of their intersection points. 

(2) There is a unique connected component of (j)~^iy x Dg) \ H containing 
the zero-section of E. Its closure Yi,,u{H,V, S) is a smooth manifold with 
corners, called the interior component, and the restriction 

Tr:Y„uiH,V,6)^V 

is a smooth locally trivial fibration with contractible fibres. 

( 3) For any t €V and any radius et for the Milnor ball of ft the space 

(t>-Ht, 0) n Yir,t{H, V, 5) \ B{{0, t), et) 
is a smooth trivial cobordism. 
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Usually V will be either an open subset of U or the closure of an open subset. If 
H is a cut over V of amplitude 6 then for any V' C V submanifold and S' < S, the 
hypersurface H D (t)~^{V' x Dgi) is a cut over V' with amplitude S' , we will abuse 
notation and denote by Yint{H,V' ,S') the interior component of the new cut. We 
need the following relation in the set of cuts: let H and H' be cuts over open 
subsets V and V' with amplitudes S and 5' respectively. We say that H < H' li 

Y,^t [H, Vr\V', imn{5, 5'}) d Y.^^t {H',Vr\V', mm{S, d'}). 

The strict version of the relation is: we say that H -< H' li 

ny',min{5,y}) c y„t(i/',y ny',min{(5,,5'}). 

Observe that Hy Hw \iV r\W = 0. Beware that the relation is not an ordering, 
and that given two cuts related in both directions, they are not necessarily equal. 
The following Lemma shows that cuts appear naturally 

Lemma 2. Suppose n ^ 3. For a fixed t €z U we consider a pair (e, 5) of radii for 
the Milnor fibration of ft, There exists an open neighborhood V of t Cz U such that 
(j>~^(y X Dg) n dB{V, e) is a cut over V of amplitude 6. 

Proof. Conditions (1) and (2) are easy. Condition (3) is contained in the proof of 
Le-Ramanujam Theorem [U]]. □ 

Lemma 3. Suppose n ^ S. If we have an open subset V <Z U , a positive S and a 
closed smooth hypersurface Hy of ip^^{V x Dg), and Hy satisfies the conditions of 
a cut at a point t £ V, then there is an open neighborhood V' of p in V such that 
Hy n ip^^(V' X Dg) is a cut over V' of amplitude 6. 

Proof. The proof is an application of /i-cobordism Theorem as in the proof of Le- 
Ramanujam Theorem □ 

2.3. Extension of cuts. 

Definition 4. Let Vi C V2 be submanifolds of U and Hi, H2 cuts of the same 
amplitude 6 over Vi and V2 respectively. We say that H2 is an extension of Hi , if 
we have H2 n ^ Dg) = Hi. 

We consider the following situation: define / := [0,1]. Denote by C the d- 
dimensional cube I'^, with its natural structure of manifold with corners, and U := 
(— e, 1 + e)'^ for a certain e > 0. 

All the cuts below are chosen with the same amplitude S. Consider two cuts H^ 
and H- defined over U, with -< H+. Let ^ be a contractible union of faces of C. 
We consider a cut Hq over a neighborhood V of A, which satisfies H- ^ Hq ^ H+. 
We consider also a number of pairs 

{Bi,fii), ...{Bk,,fJ.ki) (Ci,z^i), ...(Cfe2,i^fe2), 

where the B^'s and the C^'s are faces of C, each Hi denotes a cut over a contractible 
neighborhood B[ of Bi in U and each Vi denotes a cut over a contractible neighbor- 
hood CI of Ci in U. Suppose that the following relations hold: H- ~< fii for any i, 
H^ -< Vi for any i, fii -< fij if i < j, fii -< Hq for any i, fii -< uj for any i, j, -< H+ 
for any i, Hq -< Vi for any i, Ui -< Vj if i > j, and Vi -< for any i. 
We will need the following extension Lemma: 
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Lemma 5. In the setting above, after possibly shrinking U and V to smaller neigh- 
borhoods of the corresponding sets, and possibly decreasing 6, there exists a cut H'q 
over U with amplitude 5 which extends Hq and satisfies H- ~< Hq, jii -< Hq for any 
i, Hq ^ I'i for any i, and Hq -< 

Proof. Define 

Y := Yi„t{H+, U, 6) \ Yi„t{H_,U, 5). 
By Ehresmann Fibration Theorem and the contractibihty of ?7 x the mapping 

(l):Y ^UxDs 

is a trivial fibration. From tlic defining properties of a cut and an easy manipulation 
with cobordisms we deduce that each fibre of ^ is a trivial cobordism. 
We will use the following fact: 

Fact 1: let A be a contractiblc closed union of faces of C and F be a neigh- 
borhood of A in U . There exist a compact neighborhood Di of A in V , whose 
boundary dDi is a smooth hypersurface in U, an open neighborhood D2 of C in [/ 
and a smooth mapping 

(1) ^:D2\Di^dD, 

which is a trivial fibration over its image, which is contractiblc, with fibre diffeomor- 
phic to the half-open interval [0, 1) (the closed extreme of the fibres corresponding 
with the intersection of the fibre with dD2). Let 

(2) *:D2\I)i^[0,l)x^(D2\I)i) 

be a diffeomorphism giving a trivialisation. 

This fact follows from easy geometrical considerations. As an example we do in 
detail the case in which A = [0, l]''^ x {O}"^^, with di + d2 = d. Let a denote the 
usual distance function in M''. We may consider 

Di :={pGm'^ :a{p,A) <ei}, 

D2 := {pGR'^:a{p,C)<e2}, 
for << £2 << f'l << 1- and define ^{xi, ...,.raf) to be the only intersection point 
of dDi with the segment joining (a;i, Xa) with {xi, Xa^ , 0, 0). We encourage 
the reader to draw a picture of this construction. 
We shall proceed in two steps. 

Step 1: we shall inductively reduce to the case in which ki + k2 = 0. Suppose 
that fci + ^2 > 0. Assume that ^2 > 0. 

Choose any point t € Ci. From the defining properties of a cut, an easy ma- 
nipulation with cobordisms, Ehresmann Fibration Theorem and the fact that C[ is 
contractible, it follows that the restrictions 

(p ■■ Yi^t{H+,C[,5)\YM{v^,C[,5) ^C[x Ds, 

(t> ■■ Y^nt{yi,C[,5)\Ynt{H-,C[,5) -^C[x Ds, 
are smooth trivial fibrations with fibre a trivial smooth cobordism. Hence, it is easy 
to construct a smooth vector field y in y|cjx_Di which is tangent to the fibres of 
such that its associated flow defines a diffeomorphism if) : x [0, 1] ic; 

satisfying the equality 

(3) Yint{vi,C[,5)\Yint{H-,C[,5) = ^{{H_)\c-^^d, x [0,1/2]). 
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We are going to extend ^ to a vector field X defined in F . As Ci is a face, we may 
clioose Di to be the neighborhood of Ci in , and D2 the neighborhood of C in J7 
so that the mapping ^ exists as predicted by Fact 1. Using that cj) -.Y ^ U y. Ds 
is a trivial fibration, it is easy to prove that there exists a smooth diffeomorphism 

such that, if denotes the projection of [0, 1) ^^^(CaV-Di) *° factor {i — 1, 2), 

then 

(i) the mappings 

IdD,)o<jy : y^^^^^ [0, 1) X ^(D2 \ Di) X Ds 

and 

(91' ■■ ^DAD, - [0, 1) X \ Dl) X Ds 

coincide, 

(ii) the restriction q20^\Y^^j^^^ is the identity; moreover, the mappings 

{o,idYo,)-YD, ^ [0,1) xr 

and $ glue to a smooth mapping. 

We define a smooth vector field X in Yd^ piecewise as follows: the restriction of 
X to is equal to the restriction of J^Iyq^ ; the restriction of X to ^(u^^ijj) is the 
pullback by \1/ of the vector field in [0, 1) x 5^j(x52\-Di) '^^ose [0, l)-component is zero 
and whose Y^j-^^^^^j-component is equal to the restriction J^Iy^^j^ j- Observe 
that X is smooth, tangent to the fibres of </>, extends 3^, and its flow trivialises the 
cobordism given by each fibre of 

We redefine U := D2- Then the flow of X induces a diffeomorphism 

(p: X [0, 1] ^ Y. 

Let {91,62} be a partition of unity subordinated to {C[ x Dg, {U \ Ci) x Dg}. 
Define /3 :— 1/26*1 + &2- Let a : Y ^ [0,1] be the smooth function a := P2°f~^, 
with p2 the projection of H- x [0, 1] to the second factor. We claim that if C( is a 
sufficiently small neighborhood of Ci in U , then: 

(a) for any 1 < i < fci and any x £ /ii|_Bi we have cr(a;) < /5(7r(a;)), 

(b) for any 2 < j < fc2 and any x G i^jlci we have <j{x) < (3{'k{x)), and 

(c) for any x £ -ffoU we have a(a;) < P{Tr{x)). 

Consider x G /iilsinDi- Observe that we have Equality (|3Jl together with the 
fact that fXi -< vi implies that <t{x) < 1/2. By continuity this inequality occurs in 
a neighborhood of x in fii. On the other hand (j(x) < 1 for any x £ fii. Hence, 
using that Bi x Ds is compact, it is easy to see that , by shrinking C(, we have 
(j{x) < P{(j){x)) for any x G fii- This shows property (a). The proofs of properties 
(b) and (c) are analogous. 

Now, by continuity, shrinking _B,[, Cj and V, we have 

(a) for any 1 < i < fci and any x G fJ-ils'. we have cr(x) < (3{'k{x)), 

(b) for any 2 < j < fc2 and any x G i^jlc" we have cr(x) < (3{'k{x)), and 

(c) for any x G Hq\v we have cr{x) < /?(7r(x)). 

By construction the subspace !/[ :— {(p{x, /3{tt{x))), x G -ff-} is a closed smooth 
hypersurface of tt~^{U) D f^^{Ds) which constitutes a cut over U and satisfies 
H- -< v'l, fii -< v[ for any i, Hq -< v'^ and Vi -< v'l for any i ^ 1. 
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Then we can redefine := and we have fci + /c2 strictly smaller. We have 
worked out the case in which k2 > 0. The case in which fci > is identical. 
Inductively we are reduced to the case ki + k2 — 0. 

Step 2: We assume ki = fc2 = 0. 

As A is a contractible closed union of faces of C, a simpler version of the argument 
of Step 1 allows to construct, after eventually shrinking U and V, a cut Hq over U 
which extends Hq and satisfies 

H.^H'o-^ H+. 

□ 

2.4. Existence of cuts. In this section we let L denote either a point or the circle 
§^ Again C denotes the cube C Let U :^ L x (-e, 1 + e)'' for a certain 
e > 0. We shall make the following assumption: 

Assumption A: there exists C > such that p~^(e) meets (l)~^{t,0) transversely 
for any t G L x {(0, 0)} and any positive e < (. 

Remark 6. Observe that, as the restriction of p to each fibre of ir is real analytic, 
the assumption is satisfied automatically if L is a point (see ). pages 21-25. 

Lemma 7. Let 6 : U R+ be a positive continuous function. There exists a 
neighborhood V of L x {(0,...,0)} in U, and positive e and 5 such that Hy '.= 
p~^(e) n X Ds) is a cut over V of amplitude 5 such that li„t(ifv, V, (5) is 

contained in B{U,6). 

Proof. The proof is easy after Lemmas |2 and 13 □ 

Proposition 8. Let 6 : U R+ be any continuous function. After possibly shrink- 
ing U to a smaller neighborhood of L x C in L x , there exits positive e, 5, a 
neighborhood V of L X {(0, ...,0)} in U and a cut H over U of amplitude 6 such 
that 

(1) the space Yint{H,U,5) is contained in B{U,9), 

(2) the cut H extends the cut Hy ■— p~^{e)r](f)~^ {V x Ds) obtained in Lemma^ 

Proof. We will assume L — . The proof for the case in which L is a point is a 
simplification of the case presented here. 

For any t G i x C we choose a positive e* < 9{t) such that p|0~i(t.o)np-i((O et]) 
a submersion. By Lemma|21there exists a neighborhood Ut of t in U and a positive 
St such that H+{Ut) :— (jy^^iUt x Dg^) fl p^^(et) is a cut over Ut with amplitude 5t 
and Yint{H+{Ut),Ut,St) is contained in B{U,9). 

By compactness of L and C there exists a finite cover {Ut}teA oi L x C which 
contains a collection {Ut}t£Aai with Aq d A dU , which covers L x {(0, 0)} and 
satisfies that C L x {(0, 0)}. 

Let 7 : J — *■ S"'^ be the parametrisation defined by 7(t) = e^'^**. Given a partition 

= ao < cti < •■• < ttr = 1 
we define /, :— [otj-i, aj] and also, for any multi-index J = (jo, ■■■,jd), the cube 

d 
r=l 
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which is contained in L x C. Choose the partition so fine that any cube Cj is 
contained at least in an open set of the cover {Ut}t£A, and moreover, if Cj meets 
L X {(0, ...,0)}, then it is contained in an open set of the cover {Ut}t£Aa- We 
assign to each Cj a fixed set of the cover containing it, taking care that if 

Cj meets L x {(0, ...,0)} then t{J) belongs to Aq. We denote C^t(j) by Uj. Define 
ej := et(j)- Define Sj := ^t{j)- Choose Smin and e„im strictly smaller than any Sj 
and ej respectively. 

By Lemma H there exists a neighborhood V oi L x {(0,...,0)} in U, positive 
e < Cmm, S < Smin such that Hy :— jO^^(e) n (f)^^{V x Ds) is a cut over V of 
amplitude S. 

Choose a positive rj strictly smaller than e. For any t E L x C we choose a 
positive £,t < T] such that p|</,-i(t.o)np-i((o,4t]) is a submersion. By LemmaEl for any 
t € L X C, there exists a neighborhood Vt oi t in U and a positive 5^ < 6„iin such 
that H^{Vt) := (p^^iUt x ZJ^;) n p^HCt) is a cut over Vt with amplitude 5^. We 
pick Vt so small that it is contained in any Uj which contains t. 

By compactness we can choose a finite cover {Vt}t£B of L x C. 

For each j, given any subdivision 

Q^j = ^jfl < "i,i < ---^j-s = "i+i, 

we define the intervals Ij^k '■= [cij,k-i, Oij.k] C / and, for multi-indexes J = (jo, ■■■ijd) 
and K — (ko, kd) we define the cubes 

d 

:=7(/,o,feo)xn^»'-.>- 

r=l 

Each cube Cj splits in an union of the cubes Cf , where K vary. 

We choose the subdivisions so fine that each cube is contained in an open 
subset of the cover { Twites- We assign to each cube Cf a fixed open subset VtK 
containing it. We denote VtK by Vf , and define := , := cj and :— S'^k ■ 

Given C > we define the intervals lij :— (a^.j-i — C? Q^i.j + C) and the open 
cubes 

d 
r=l 

Choose C small enough so that 

(i) the closure of is contained in Vf, and hence in Uj, 

(ii) for any choice of indexes, the sets and Cf, meet if and only if Cf and 
Cf,' meet. 

Condition (i) and the compactness of the closure of Cf imply that we can shrink 
6f such that 

H+{Cf) c^-\Cf X Dsk) n p-i(6j) 

and 

H^iCf) := r^Cf X D,k) n p~\^f) 

are cuts over Cf with amplitude 6f . 

We choose 5 > smaller than 6f for any choice of multi-indexes (J, X). 
Given a fixed choice of multi-indexes (J, K) we consider the following cuts: 
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• for any indexes {J',K') different from the fixed ones, and such that ej, < 

we consider the cut 

over Cf n Cf, with amplitude 5, 

• for any indexes {J',K') different from the fixed ones, and such that (^f, > 

we consider the cut 

^^'f:ic^) :=r'((c,f ncf ) xi?,)np-i(e,f;') 

over Cf n Cf, with amphtude S. 

Because of Condition (i) and the compactness of the closure of Cf it is clear 
that a small modification of and £,f keeps all the properties obtained above. An 
adequate perturbation making the e;^'s and the C^'s pairwise different gives rise to 
the following properties: 

The cuts 1^5' (Cj) obtained by letting (J', K') vary are linearly related by ^ and, 
moreover, if two multi-indexes {J\K') and {J'\K") are such that Cj and Cf„ 
meet then, if the cuts lyf, (C^) and lyf,, (Cf) are defined, they are necessarily 
related by -< in one of the directions. The same happens for the cuts ji^, (Cj) 
obtained by letting {J',K') vary. We have moreover 

for any choice of multi-indexes for which the expression makes sense. 

Shrink F to a neighborhood of i x {(0, 0)} in ?7 which is small enough that it 
only meets Cf if Cf meets L x {(0, 0)}. If Cf meets L x {(0, 0)} we consider 
the cut 

Hcfnv - <t>'\{Cf ^V)x Ds) n Hy 

obtained by restriction over Cf n F of the previously constructed cut Hy- 

By our constructions (choosing the perturbation of the ef^s and the £,f^s small 
enough) we have: 



(4) H^{Cf)<H, 



(5) HcK^y-<H+{Cj 



(6) iif {Cf) < H^K 

(7) H^^^y-<vf\cf). 

We shall construct the cut H extending Hy step by step over the cubes Cf 
using Lemma El Order the cubes Cf lexicographically in {jo, jd, ko, kd)- 
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We start with the first cube, that is {J,K) = (0, ...,0). Observe that 

A := (§1 X {(0, 0)}) n u'^::::^ = 7(/o) x {o}^ 

is a contractible union of faces of Cq' ''q. We apply Lemma El and obtain a cut 
^(C'[o' " oj) which extends H^{o.....o)^y and satisfies the relations analogous to 

O-lO with respect to the cuts H.{cf^-- f^), i?+(C'["'--'°j), A^^^' (C'(o;.'.' ' o j ) and 
^5'(<^(a.'.'.oj)' {J'^K') varying. We redefine V -.^ V yj Cq- 'o and the cut Hy 
as the union of the previous Hy and H(c'^^'"''^-^). By construction, the new cut 
Hv satisfies the following property: for any (J, K) the cut H^K^^y given by the 

restriction of Hy over n V satisfies relations Q-lEJ 

The inductive step runs similarly. □ 

Remark 9. Choose any point p ^ C. The above proposition is valid (with the 
same proof, up to some notational complication) if we let L x {p} play the role of 
L X {(0, 0)} both in Assumption A and in the statement of the Proposition. 

2.5. Topological equisingularity of /i-constant families. Let 6i : U ^ 1R+ be 

any continuous function. We choose a positive 6i and a cut Hi as predicted by 
Proposition IHl In order to simplify the notation we denote Yint{,Hi, U, 5) simply by 
Yi. We view U embedded in Yi as the zero section of the vector bundle tt : E ^ U. 
Define Y* :^Yi\f^^{0). 

Lemma 10. There exists a smooth vector field X in K|lxc \ (L x C) with the 
following properties: 

(1) it is tangent to the fibres of tt, 

(2) There exists a vector field W in Dg, which is radial, pointing to the origin 
and of modulus |yV(2:)| < |zp, such that df{X){x) = W{f{x)) for any 
X G Y{, 

(3) the vector field X is tangent to f~^{0), 

(4) any integral curve converges to the origin of the fibre of t: in which it lies 
in infinite time. 

Proof. We will construct X as the amalgamation of two vector fields y and Z. 
We define each of them separately. Denote by V the vector field in Dg which is 
radial, pointing at the origin and of modulus ||V(2;)|| = H^IP- Consider in i7 x Dg 
the vector field V" characterised by being tangent to the fibres of the projection of 
U X Dg to the first factor, and a lift by the projection of J7 x Dg to the second 
factor of the vector field V. As cj) : Y{ ^ U x Dg is submersive we can define the 
vector field y in Yj' to be a lifting of V' by the mapping cj). 

For the definition of Z some auxiliary constructions are needed. We will shrink U 
when necessary without explicitly mentioning it. There is a continuous function 62 : 
[/ ^ M such that the inclusion B{U, 62) C Yi is satisfied. Applying Proposition|Hlto 
the function 1 /202 we obtain new positive 62 (which we choose to be smaller than 
i5i/2) and a cut H2 of amplitude 82 such that Y2 := Yint{H2, 11,82) is contained in 

5(c/, 1/2^2). 

We iterate this procedure to obtain an infinite sequence of cuts Hi over L x C 
with amplitude 6i, which gives rise to an infinite, nested, sequence 

(8) Y1DY2D ... DY,D ... 
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of closed neighborhoods of L x C, satisfymg that H^j^li is equal to the zero section. 
Define Zi :— YiCif^^ {Ds.^-^)\Yi+i. By Property (1) of Definitionn]the restriction 

(pi (t>\z, : Zi L X C X Ds^^, 

is a locally trivial fibration. By Property (3) of Definition ^ and an easy manipu- 
lation with cobordisms, its generic fibre is a trivial cobordism. 

By the second property that Proposition |H1 predicts for the cut Hi there is a 
neighborhood T^^ of L x {(0, ...,0)} in U and a positive such that 

H,n7r-\V,) = q^-\V, X Dsjnp-\e,). 

We have that {cijigN is a decreasing sequence converging to 0. 
Observe that we have 

Zi Z,n7r-\V,+i) - ^-'{Vr+i x Ds,+,) n p-^h+i, e,]). 

Using Assumption A, and possibly shrinking Vi+i and (5^+1 we obtain that the 
restriction of p to each fibre of ipilz' is a submersion. Therefore there exists a 
vector field Z'^ on Z'^ which is tangent to the fibres of 4>i\z', non-zero at any point, 
and such that dp{Z'-) = —1. Consequently, its flow takes {Yi C] Hid f~^{Ds.^^))vi 
to (li+i n i/j+i)y; in finite time Ti — ei — e^+i. 

We may suppose that Vi is of the form L x Bi, with Bi a small ball centered 
around (0,...,0) in E*^. Using that C is a cube and the fact that is a locally 
trivial fibration, we may (in the same way that we extended 3^ to A" in Step 1 of 
the proof of LemmaEJ extend to a vector field Zi on Zi which is tangent to the 
fibres of 4>i, non-zero at any point, and whose flow takes Yi H Hi n f~^{Dsi^^) to 
Yi+i n Hi+i in time Ti. We rescale the vector field in order to ensure that Ti := 1. 

As, for any i e N, both Zi and Zi+i are transverse to i/i+i, and both of them 
point into l^+i. Using an adequate partition of unity, we may glue the vector 
fields {ZjjigN to a vector field Z defined in {Ji^^Zi, nowhere vanishing and tangent 
to the fibres of Up to a rescaling of Z we may assume that its flow takes 

n ifi n f-\Ds,+,) to Yi+i n H,+i in time Ti = 1. 

Let pi : Dg ^ [0, 1) be a smooth function vanishing at and positive in Dg. Let 
P2 '■ U —>■ M he an smooth function with support contained in Ui^fiZi and which is 
identically 1 in a neighborhood of /^^(O) fl (UigN^i) in UigN-^j- Define the vector 
field X :— {piof)y + P2Z on Y. The first three properties that Z must satisfy are 
clear by construction (for the second one we take W = piV). 

For the fourth observe that as X^i^i Ti = 00 the convergence to the origin in 
infinite time is clear for any curve contained in /^^(O). Let j{t) be an integral 
curve lying off f~^{0). By property (2) and the fact that X is tangent to the fibres 
of TT (which are compact) it must accumulate in infinite time to a point in /~^(0), 
but since X is defined and non-zero at /^^(O) \ Eq, the only possibility is that 7 
satisfies property (4). □ 

Notation. Let Hi 9i, Yi, 5i as in the beginning of the section. Denote the cut 
Hi by H, the space Yi by Y, and Si by S for simplicity of notation. Consider the 
natural projections ai : L x C ^ L, a2 L x C ^ C . We view L as a subset of 
L X C via its natural identification with L x {(0, 0)}. View L x C as a subset of 
Y identifying it with the zero section of E\lxc- Given a subset A C E, we define 
St^A :— \Jt£udAt, that is, the union of the frontiers of the fibres over U. 
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The globahsation of Timourian's and King's [H] result that we will need is 
the following: 

Theorem 11. There exist a homeomorphism 

(9) * : r X C 
such that 

(1) We have the equality tt = {(Tiott\y^oPi,P2)°'^ , where pi is the projection of 
Yl X C to the i-th factor (i = 1,2). 

(2) We have the equality f\YL°Pi°^ = /• 

(3) The restriction of to Y \ {L x C) is smooth. 

Proof. By Ehresmann fibration Theorem the mappings 

(10) <l>\Ynf-HdDs) ■■ Y n f-\dDs) ^Ux dDg, 



(11) cl)\HnY-HnY^UxDs 

are locally trivial fibrations, (whose fibre are diffeomorphic respectively to the Mil- 
nor fibre of ft, and the abstract link of ft for any t eU). 
Observe that we have 

d^Y = {Yr\f-\dDs))iJ{Hr\Y), 

d^[Yf\f-\dDs)) = d^{Hr\Y) = {Ynf-\dDs))n{HnY) = Ynf-\dDs)nH. 

Using the fibrations above and the fact that C is a cube (and hence contractible) 
we will construct a diffeomorphism 

(12) i;:d^Y^Cx O^Yl 

such that, if let V play the role of VE", properties (1) and (2) are true at the points 
where ip is defined. We define first the restriction of to F fl f~^{dDs), and after 
extend it to n Y. 

Lift a radial vector field Zi steming from (0, ...,0) in C, first to a vector field 
Z2 in L x C whose projection to L vanishes, and then to a vector field Z3 in 

Y n f~^{dDs) which is tangent to the fibres of /. The existence of the lifting Z2 
is obvious, and the existence of the lifting Z3 follows because the mapping (|l()|l is 
locally trivial. The inverse of the restriction of iptoYiD f^^{dDs) can be obtained 
easily from the flow of Z3. 

Now we extend tp to H DY. We consider a lift Z4 oi Z2 in if fl F which is 
tangent to the fibres of /, and which coincides with Z-g, at their common domain 

Y n f~^{dDs) n H (this lift exists by the local triviality of the mapping ((TTl))- The 
inverse of the desired extension is constructed easily from the fiow of Z4. 

In order to obtain \E' we have to extend ip to the interior of Y. 

The set Z := d-^Y x [0, 00) is a manifold with corners The properties of the vector 
field X constructed in Lemma jlOl easilv imply that, if ip denotes its flow, then the 
restriction 

Lp\z : Z ^Y\LxC 

is a diffeomorphism. 

Define the restriction '^\y\lxC as the composition of the following sequence of 
mappings 

Y\LxC — >dTrYx[Q,oo) — > C x Ot^Yl x [Q,oo) — > C xYl, 
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and the restriction ^'|lxc as 

By construction each of the restrictions ^'|y\Lxc and ^\l-kc '■— Id-Lxc is 
smooth. The mapping 5* is continuous at i x C because tjj satisfies Property 
(1) of the statement. Property (1) of the statement is also satisfied by because ip 
satisfies it and X satisfies Property (1) of LemmallOl Property (2) of the statement 
is satisfied by because ip satisfies it and X satisfies Property (2) of LemmalTIII □ 

Corollary 12. Let f : C x (C", O) —^ C be a smooth family of holomorphic germs 
defining isolated singularities at the origin with constant Milnor number. Let p 
be any base point in C . Define the space Y as in Theorem There exists a 
homeomorphism 

-.Y ^ C xY\p 
satisfying properties (1 — 3) of Theorem MlX 

Proof. We only have to notice that Assumption A is satisfied (Remark EJ. □ 

Remark 13. The above result improves the results of King and Timourian /]5).|19| ) 
in the sense that it is global in the base ( we do not need to pick a small neighborhood 
of p ^ C in order to find the trivialisation) , and also because the trivialisation ^ is 
smooth at all the strata where it can possibly be (smoothness at the origin can not 
be expected since isolated singularities have non-trivial moduli). 

2.6. Families over Riemann surfaces. Now we prove Assumption A in an im- 
portant situation in which L = E>^. 

Let S' be a compact surface diffeomorphic to §^ x / embedded as a smooth 
submanifold in a Riemann surface S. As we are only interested in a neighborhood 
of S we can assume that S is diffeomorphic to x (— e, 1 + e) for a certain positive 
e; we fix a product decomposition and denote by 

a : C -> (-e, 1 + e) 

the projection to the second factor. We suppose that U = C and that the vector 
bundle tt : E —> U and the function / are holomorphic. Recall that we have defined 
0:= K/). 

Proposition 14. There is a finite subset J <Z L such that, for any p G I \J, there 
exists C > satisfying that p^^{e) meets (p~^{t,0) transversely for any positive e < C 
and any t G a^^{p), In other words, up to a finite number of exceptional p I , 
assumption A is satisfied over a^^{p) = §^ x {p}. 

Proof. Recall that the critical set of the function / coincides with the zero section of 
TT and the restrictions of / to the fibres of the bundle tt have an isolated singularity 
at the origin with Milnor number not depending on the particular fibre. 
By the holomorphicity of tt and /, the locus Z in which the stratification 

(13) {f-\0)\C,C} 

fails to satisfy Whitney conditions is the complex analytic subset where the fi* 
sequence jumps. The set Z is of dimension 0, and hence discrete. Thus Z Ci S is 
finite. Define J := a(Z) n /. 

Suppose p G I\J. If the statement of the proposition fails there exists a sequence 
{xnjngN in £'q-i(p), Converging to a point x in the zero section over a^^{p) such 
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that critical point for the restriction of p to / ^(0) n E.^(^x^y Then it 

is easy to check that the tangent space T!r„/^^(0) of /^^(O) at x„ contains the 
orthogonal complement (by the hermitian inner product) of the line 7r(a;„),x„ in 
Et^(x„)- Choosing a subsequence we may assume that Tx^f~^{Q) converges to a 
complex hyperplane H of T^E and that ■K(xn),Xn converges to a line I contained in 
7r^^(7r(a::)), which satisfies that H contains the hermitian orthogonal complement of 
I in 7r~^(7r(x)). As p does not belong to J, the stratification ((T^ satisfies Whitney 
conditions at x, and therefore we have that I is also included in H . Then H is in 
fact equal (by dimensional reasons) to 7r^^(7r(x)). 

Now we choose a sequence {yn\n&i, with /(i/„) ^ and ?/„ so close to x„ that 
the sequence of hyperplanes Ty^f~^{f[yn)) has limit H. Such sequence shows that 
Thom's A^-condition is not satisfied at x by the open stratum of the stratification 

(14) {E\f-\0)J-'{0)\C,C}, 

which is in contradiction with the fact that the transversal Milnor number of / is 
constant along C. □ 

We recall our original setting: consider a smooth manifold U = E>^ x (— e, e)'', 
a smooth complex vector bundle it : E ^ U and a complex smooth function 
f : E ^ C whose restriction to the fibres of tt is holomorphic. Suppose that / 
has an isolated singularity at the origin of each fibre of tt, with Milnor number 
independent of the fibre. 

The next corollary allows to apply the topological equisingularity results ob- 
tained in this section in many situations. 

Corollary 15. Suppose i = S^. Assume that there is a smoothly embedded path 
7 : (-CO ^ [0,1]" (with image B := 7(-C,C)y' such that S := x B has a 
structure of Riemann surface compatible with the smooth structure, and that Eg 
has a structure of holomorphic vector bundle which makes the restriction of f\Eg 
holomorphic. Then, for a generic point p ^ B, Assumption A is satisfied if we let 
§^ X {p} play the role ofSi^ x {(0, ...,0)}. Therefore the statement of Proposition\^ 
holds letting §^ x {p} play the role o/S^ x {(0, ...,0)} (Remark\^. Hence also all 
the topological equisingularity results stated above hold for the family f. 

3. Adapted neighborhoods 

Let / : (C",0) ^ C be any holomorphic germ. For the homotopical study of 
the Milnor fibration of /, different classes of systems of neighborhoods of the origin 
are possible (see the definition of system of Milnor neighborhoods in |14| page 105). 

For the topological study of the Milnor fibration and of the embedded link of 
a function one has to be more careful. In pages 21-25 it is proved that if 
p : C" ^ R is non-negative continuous, real analytic except at the origin, and such 
that p^^(O) — {O} (we will refer to it as an analytic distance function), then, for e 
small enough, the system of p-balls {p~^([0, e)} is a system of Milnor neighborhoods 
for /. Moreover it is shown that the homeomorphism type of the Milnor fibration 
and the embedded link of / is independent of the chosen analytic distance function. 
We take as definition up to homeomorphism of Milnor fibration and embedded link 
of / the ones obtained with an analytic distance function. This choice coincides 
with Milnor's original definition (see |15|). 
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Wc will need a kind of systems of neighborhoods that can not bo defined with 
analytic distance functions. We will have to check that the Milnor fibration and the 
embedded link defined with this kind of neighborhoods are, up to homeomorphisms, 
the same than the ones defined above. 

Definition 16. Let M be a manifold and S C M x C" be a smooth submanifold 
such that the restriction of the projection n : M xC^ ^ M to T, is a submersion and 
for any m G M the fibre S„i C {m} x C" is a complex submanifold of dimension 
1 (a Riemann surface). Denote by T{M x C", M) —>■ M x C" the relative tangent 
bundle ofw. Denote byT{T,,M) — »• S the relative tangent bundle of the submersion 
Trjs. Let S G be a submanifold. A normal bundle to S over S is a complex vector 
subbundle p : N ^ S ofrankn-1 of T{M x , M)\s such that N + T{'L,M)\s = 
T{M X C", M)\s , (that is, its fibre Np is transverse to T(E, M)p for any p & S). 

We endow N with the hermitian metric coming from a hermitian product in 
MxC". If 5 is compact there exists a positive t] such that the tubular neighborhood 



of the zero section of A'' is naturally embedded in M x C". 

Assumption. Assume from this point that the critical set Sj of / has dimension 
at most 1. Denote by Sj™ the smooth part of S/. 

Observe that /~^(0) is astratified space with the stratification (/~^(0)\S/, S^™, {O}). 

Definition 17. A system of neighborhoods of the origin adapted to f is a system 
{Ua}a(EA of neighborhoods of the origin such that for any a € A there exists > 
(which is called a Milnor disk radius for Ua), satisfying 

(1) the neighborhood [/„ is a compact manifold with boundary dUa ■ 

(2) There is a tubular neighborhood W ofUfD dUa in dUa such that W coin- 
cides with TN{r]) for a certain normal bundle to S^™ called 



and a certain r] > 0. 

(3) The function f has no critical points in UaC\f~^{D*g ), and for any s G Ds^ 
the boundary dUa meets f~^{s) transversely (in the stratified sense for 



whose restrictions to {{Ua \ Ufi) n / ^{Ds)) \ ^f) and to {Ua \ Up) H 
are smooth and which satisfies f = fopiOK, where pi is the projection of 
dU0 n f~'^{Ds) X [0, 1] to the first factor. 
(5) For 5 > small enough the space Ua n f~^{Ds) is contractible. 

Remeirk 18. The fourth condition of the last definition implies that the space 



Tw(r?) := B{S,r])cN 



p:= N ^T.fr\dU, 



(4) 




(15) 



n:{Ua\ iff}) n f-\Ds) ^ dU0 n f-\Ds) x [0, 1] 



(16) 



f-\s)nUa\U/3 



is a trivial (stratified when s = 0) cobordism for any s G Dg. 



20 



JAVIER FERNANDEZ DE BOBADILLA 



Let {Ua}aeA be a system of neighborhoods of the origin adapted to /. By 
Ehresmann Fibration Theorem, for any smooth neighborhood Ua of the origin 
adapted to /, the mapping 

(17) f:U^nr\Dl)^Dl 

is locally trivial. Its restriction over dDs^ is called the Milnor Fibration of / for 
We define the embedded link of / in Ua as the pair 

(18) {d{Ua n r\Da))J-\o) n d{Ua n rHDa))). 

The abstract link is, by definition, the space /~^(0) n d{Ua H f~^{Da)). 

Property (4) of Definition II 71 implies that the topological type of the embedded 
link, and the diffeomorphism type of the Milnor fibration are independent of a G A. 
Hence the the Milnor fibration and the embedded link associated to a system of 
neighborhoods adapted to f are well defined objects. 

Lemma 19. The homotopy type of the abstract link and of the Milnor fibre is 
independent on the system of neighborhoods adapted to f used to define it. Any 
system of neighborhoods adapted to f is a system of Milnor neighborhoods for f 
/|14j. Definition/Proposition A.l). 

Proof. Suppose that we have two systems of neighborhoods {C/a}aeA and {V/jj/ags 
adapted to /. Consider sequences {an\n&i, {/3m}meN such that J7a„ C Vp^^ and 
Vg^^j C J7q„ . By definition of adapted system of neighborhoods, for any n there 
exists 5 such that the cobordisms f~^{s) n {Ua \ Ua„+i) and f~^{s) fl (Vg \ f//3„+i) 
are trivial for any s G Dg. It is easy to deduce that the cobordisms 

arc homotopically trivial for any sufficiently small s. This implies the lemma. □ 
We will prove: 

• the Milnor fibration of / for {Ua}a&A is C°° -equivalent with the classical 
Milnor fibration of / defined by Milnor. 

• the topological type of the embedded link associated to any neighborhood 
adapted to / coincides with the classical embedded link defined by Milnor. 

In the remaining part of the section we exhibit a particular system of neighborhoods 
of the origin adapted to / for which these assertions are true. After this, it is enough 
to show that the Milnor fibration and the embedded link are independent of the 
neighborhood of the origin adapted to /. This will be achieved in the next sections. 
We will use the following Lemmas several times in the sequel. 

Lemma 20. Let f : (C", x) <C be a holomorphic germ with smooth l-dimensional 
critical locus S/. Suppose that the generic transversal Milnor number of f at any 
point y G Yif is equal to a constant /i. If H is a hyperplane transverse toYif through 
X then ^{f\H,x) = /i. 

Proof. The Le numbers of / with respect to a generic coordinate system Zq are 
Ay ^0 (y) — M and A" iv) = for any y E Yif. As iJ is transverse to S/ there is 
another prepolar coordinate system, Zi := {zi, ...,z„}, with V{zi) — H. The first 
Le number Ay (x) is equal to the Milnor number fj,' of f\z-'^(zi{y)) 2/j for y G S/ 
generic. We claim that ^' — ^. 
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As /i is the generic transversal Milnor number we have /i' > /i. By definition of 
the first Le number we have the equahty Ay- 2,^ [x) — Ay (y) for any y ^Yif. Hence 
as the ahernating sum of the Le numbers equals the reduced Euler characteristic 
of the Milnor fibre, which is equal to if /i' > /i then X^f zAv) 7^ 0. On the other 
hand, the locus where Ay {y) is different from zero is the intersection locus of the 
relative polar curve Ty with Ey. As, by definition of Ty it can not contain 
Sy we have that Ay2j(y) = at most points. Hence the claim is true. 

As jjL is the generic transversal Milnor number we have n^flH^x) > fi. If the 
inequality is strict then the relative polar curve Ty meets Sy at x, and hence 
Ay (x) > 0. Then, as Ay (x) — /i, the alternating sum of the Lc numbers cannot 
be equal to the reduced Euler characteristic /U. We get a contradiction which forces 
the equality = /i. □ 

Remark 21. Here we sketch an alienate proof of the previous Lemma suggested 
by T. Gaffney: let Ht be a family of generic hyperplanes, so f\Ht ji-constant 
family. Then Thorn's Af condition holds, and therefore no hyperplane transverse to 
the critical line can be a limit of tangent hyperplanes. A result of Le-Henry states 
that if H is not a limit of tangent hyperplanes then f\H has the generic transversal 
Milnor number. 

Lemma 22. Let M be a manifold and E C M x C" be a smooth submanifold such 
that Trjj] is a submersion and, for any ni G AI , the fibre E,„ C {m} x C" is a 
complex submanifold of dimension 1 . Consider a compact submanifold S* C E and 
a normal bundle p : N S to over S . There exists a normal bundle p' : N' T, 
to E whose restriction to S coincides with p : N —>■ S . 

Proof Let cr : P ^ M x C" be the projectivised dual of T{M x C", M) M x C" . 
An element of P is a pair {H, x) where x G Af x C" and if is a hyperplane of 
r(M X C", M)^. Define Z C P|s as 

Z := {iH,x) e P|s : ff D r(E,M)J. 

As T{Y,,M)x is a line in T{M x U\M)x the fibre Zx is a hyperplane of the 
projective space P^. Hence the restriction 

(19) ap|^\z :P|s\^^E 

is an affine bundle. Any affine bundle admits a differentiable global section, and 
hence can be given a structure of vector bundle. 

Observe that giving a normal bundle to E over a submanifold 5 of E is the same 
that giving a smooth section of the vector bundle (|19|l over S. Using a partition of 
unity it is possible to extend the section smoothly to a global one. □ 

3.1. Construction of adapted neighbourhoods. . Consider any hermitian 
product in C" and let p be the distance function to the origin induced by it. Denote 
by i?e the p-ball centered at the origin of radius e. Choose eg sufficiently small so 
that 

(1) the stratification 

\ /-i(0), n f-\o) \ Ey, n Ey \ {O}, {O}} 

satisfies Whitney conditions, 

(2) the sphere §e meets f~^{0) transversely (in a stratified sense) for any e < eg. 
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It is well known that the system of neighborhoods {Be}o<e<eo satisfies all the 
properties of a system of neighborhoods of the origin adapted to / except the 
second one. We are going to modify the neighborhoods so that this property is 
satisfied as well. 

Fix < e < £0- The intersection E/ n §e is a disjoin union of circles. We will 
modify §e locally near each circle. We assume for simplicity of notation that there is 
only one circle S. For ^ > small enough A :— S/ n i3c+^ \ B^-^ is diffeomorphic to 
S X [— ^, £] by a diffeomorphism whose second component in the product S x [— ^, ^] 
is the function p — e. We identify A and S x [— ^, ^] via the diffeomorphism. 

I claim that there is a normal bundle p : N ^ A to A such that 

(i) for any s £ S x [— ^/3,^/3] the fibre is contained in the tangent space of 
the level set of p at s, 

(ii) it is holomorphic over S x [2^/3,^]. 

There is a normal bundle pi : Ni ^ S x [— ^/3,^/3] to T satisfying the first 
property: as T meets the level sets of p transversely, if ^ is small enough, for any 
s € S X [— ^/3,^/3] the hermitian orthogonal complement to the vector s G C" 
is transverse to TsA (we are using the natural trivialisation of the tangent bundle 
TC") and contained in TSp^gy The fibres of A^i are, by definition, those hermitian 
orthogonal complements. 

Choose a coordinate system {zi, z„} of C" such that, for any a; in a punctured 
neighborhood of the origin, the hyperplane V{zi — zi{x)) is transverse to T^Tif. 
Then the subbundle 

(20) p:N,,^Ef\ {O} 

whose fibre over x is V{zi — zi(x)) is a normal bundle to in the same punctured 
neighborhood. The bundle p2 ■ N2 ^ S x [2^/3,^] is defined as the restriction of 
the bundle ^ over S' x [^/2,^]. 

Any normal bundle p : N A to A expending A^i and N2 (which exists by 
Lemma I22II satisfies requirements (i) and (ii). The claim is proved. 

Pick rj > so small that Tpf{ri) is embedded in C" and Ti\[g{ri) is contained in 
Be+j. The restriction f\pf is a smooth function, whose restriction to -/Vgx [2^/3,5] 
and to the fibres of p is holomorphic. As a consequence of condition (1) above, the 
generic transversal Milnor number of / at any point t €z A is independent on the 
point t. Hence, by Lemma 1^ the restriction of / to the fibres oi p has an isolated 
singularity at the origin with Milnor number independent of the fibre. As we are 
in the situation of CoroUarv llSI we can use Theorem 1111 in order to obtain (after 
possibly shrinking 77) a continuous flow 

(21) <^:Tj,Mx[-t^]^C^ 

whose restrictions to the zero section S x [— ^,^] and its complement are smooth, 
such that 

(a) for any s & S we have po^(s, t) = e + t, 

(b) the flow lines are contained in the flbres of / and are compatible with the 
bundle projection p (the projection by p of a flow line is a flow line); the flow 
takes S x [— ^, ^] into A. 

Conditions (i) and (a) above, and the compatibility of the flow lines with p, 
imply that, if r/ is chosen small enough, there exists a positive small enough ^' such 
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that any flow line of the restriction 

(22) := $|t„,(,)x [-«',«'] : T^siv) x - C" 

is transverse to the level spheres of p and points outwards. Hence for any x G iv) 
there exists at most one value a{x) S (— C',^') such that ^'{x,a{x)) belongs to S^. 
Since S is contained in S^, we have that a{x) is zero for any x Cz S. We have defined 
a function 

which is continuous, constant and equal to in S', and smooth outside S. 

The mapping 5" : Tpf^{r]) C" defined by the formula ^(a:) = ^'{x,a{x)) is a 
homeomorphism of T7Vs(?7) onto its image W, a neighborhood of S in S^. Consider 
a smooth function /i : Sg — > [0, 1], with support K contained in W, and identically 
1 in a neighborhood of S. Wc deform as follows: we define the homotopy 

ip:§,x [0, 1] ^ C" 

piecewise by ip{x,X) :— ^'{x,~Xp,{x)a{'^'^{x))) if x £ W and (p{x,X) := a; if a; 
is not contained in K. For fixed A the mapping ip{.^ A) is a homemorphism onto 
its image and coincides with Idg^ if A = 0. We denote by Ue,\ the region of C" 
bounded by ip{§>e, A). 

For any A £ {0,1} the neighborhood U^,\ satisfies Properties (1) and (3) of 
Definition 1171 and Property (2) is satisfied for A = 1. 

Using Property (b) of the flow (|21|l and the fact that Property (4) of Definition! 171 
is satisfied by the system {i?e}o<e<e„ it is easy to show that for any e' < e there 
exists S > such that there is a homeomorphism 

(23) : ((7,,i \ B,,) n f-\Ds) ^ (§e' n f-\Ds)) x [0, 1] 

whose restriction to {(U^,i\Be')r\ f^^{Ds))\J^f) and to (J/e^i \ Be') fl S/ is smooth 
and satisfies / = /op^oK, where pi is the projection of (S^' n f^^{Ds)) x [0, 1] to 
the first factor. In particular 

• for any e' < e, there exists S > such that for any s G Ds the space 

(24) r\s)nU,^i\B,, 

is a trivial (stratified when s = 0) cobordism, 

• we have a homeomorphism 

(25) 

id{B,,nf-'iDs)), f-'io)ndiB,,nrHD5))) = diu,,inr\Ds)), f-\o)nd{u,^inf-'iDs))). 

Property (5) of Definition El for U^^x is a consequence of property (b) of the 
fiowl21land the fact that for any e' < e the ball B^i satisfies it. 

We construct a system of neighborhoods as follows. Give a decreasing sequence of 
positive numbers {enjneN converging to the 0. For any n we produce a deformation 
C/e„,A of Be^ as above. The choices can be made so that f/e„,A is contained in -Be„_i 
for any n G N. 

Proposition 23. The family {?7e„,i}neN is a system of neighborhoods adapted to 
f. Moreover the topological type of the embedded link associated to it, and the 
dijfeomorphism type of the Milnor fibration associated with it coincides with the 
classical ones. 
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Proof. Property (4) of Definition El (the only one that remains to be checked) 
follows easily using that it is satisfied for the system {-Bc„} and that we have the 
homeomorphism (|23|) . 

The triviality of cobordism (|24|l implies also the diffeomorphisms of Milnor fibra- 
tions. The fact that the embedded link associated to {Uc„.i}neN is homeomorphic 
to the pair 

(5i3,„ n f-\Ds),r\o) n (9i3,„ n r\Ds)). 

which, by a Theorem of is homeomorphic to (Se,/~^(0) n Se) (the classical 
embedded link), is essentially due to homeomorphism H25|l . □ 

4. EQUISINGULARITY AT THE CRITICAL SET 

Setting. Let T be a connected smooth manifold. A smooth family of holomorphic 
germs ft : (C" , O) C depending on a parameter f G T, is given by a smooth 
function f : U ^ C defined at an open neighborhood of {0} x T in T x C" satisfying 
that the restriction ft := -F|c" x{t} is holomorphic for any t £ T. We view T x C" as 
a trivial vector bundle over T and consider the natural projection t : T x C" T. 
Let Et denote the critical set of ft- Define S := Ut^x'^t- Consider a hermitian 
product in T X C" and denote by p the distance to the origin in each fibre. 

Now we define equisingularity at the critical set. Roughly speaking, the family ft 
is equisingular at the critical set if the family of critical sets is topologically equi- 
singular by a family of homeomorphisms preserving the transversal Milnor number 
(outside the origin). This is formalised as follows. 

Given any A C T, B C T x C" and a positive function 9 : A ^ M+ we define 
Ba = B\a and B{A,6) as in the previous section. Choose t <E T, there exists 
a positive et such that dB{{t,0),e) meets transversely for any e < et- Then 
St n B{{t, O), et) is homeomorphic to the cone over Et fl dB{{t, O), et), and there 
is an irreducible component of the germ (Et, {t, O)) for each connected component 
of Et n dB{{t,0),et). Let Et = U^^^Et.^ be the decomposition of (Et,(t,0)) in 
irreducible components. The number et can be chosen small enough that, for any 
i < r, the generic transversal Milnor number at any point of Et,i fl B{{t, O), et) \ 
{{t, O)} is equal to a constant fit,i- 

We wiU identify T with T x {O}. 

Definition 24. Let ft be a smooth family of holomorphic germs. Suppose that 
Et is 1- dimensional at the origin for any t. We say that ft is equisingular at the 
critical set if the following conditions are satisfied: 

(1) The space Ti\T is smooth of real dimension 2 + dim(r) at any of its points, 
and such that the restriction t\y,\t is a submersion. 

(2) The previous property implies that for any t £ T, there exists a neighborhood 
Wt oft in T so small that Et' meets dB{{t,0),et) transversely for any 
t' £Wt. For any t' G Wt the space 

i:t'^B{{t,0),et) 

is homeomorphic to Ef fl B{(t,0),et), (notice that if the homemorphism 
exists it can be chosen sending (t, O) to {t, O) ). 

(3) The previous property implies that for any t,t' £ Wt, there is a bijective 
correspondence (induced by inclusion) between the connected components of 

^tnBiit,0),et)\{{t,0)}, 
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i:w,nB{Wt,et)\{{0} X Wt) 

and 

j:t'nB{{t,o),et)\{{t,o)}. 

For any t' e Wt let Sj/^i be the connected component of Sf/ fl B{(t, O), et) \ 
{(t,0)} corresponding to Tit^i- The generic transversal Milnor number of 
ft' at any point of Y^t' a \ W ,0)} is ^t,i- 

Remark 25. Condition (2) of the previous Definition can be phrased informally 
saying that the underlying deformation of critical sets is topologically equisingular. 
It is important to notice that it implies that for any t' close to t, the function ft' has 
no isolated singularities in B[{t, O), et). As Ej/ is of real dimension 2 the condition 
can be rephrased in any of the following formulations: the cobordism 

lit' r\B{{t,0),et)\B{{t,0),et') 

• is trivial in the smooth category, 

• is homologically trivial. 

Let V be any neighborhood of the origin adapted to ft- A consequence is that dV 
meets St transversely for any a. Choose Wt so small that St' meets dV transversely 
for any t' &Wt. Let V be any neighborhood of the origin adapted to ff such that 
V c V. 

Remark 26. By Property (4) of Definition \ll[ Property (2) of Definition\24\ and 

an easy cobordism manipulation, the cobordism 

(26) Sf n F \ V 

is trivial. 

Here it is a conormality Lemma (in the sense of 14 , Definition A. 7) 

Lemma 27. Let ft be a smooth family of holomorphic germs such that Sf is 1- 
dimensional at the origin for any t. Suppose that ft is equisingular at the critical 
set. Given t ^ T and V , a smooth neighborhood of the origin adapted to ft, there 
exists a neighborhood Wt oft in T, and a positive 6 such that 

(1) there is a normal bundle p : N Sfl (M^t x dV) to S such that for a certain 
positive rj the space Tj^{ri) embeds as a tubular neighborhood o/Sn(PVt xdV) 
in Wt X dV, 

(2) the fibre ft/^{s) meets transversely (in the stratified sense when s = Oj the 
boundary dV for any t' G Wt and s G Z?| . 

Proof. There is a normal bundle to St called p : N Y,t Cl dV, and a positive rj 
such that TN{rf) is naturally embedded in dV . There is a neighborhood Wt oi t € T 
such that S n {Wt x dV) is included in Wt x Tn{vi), and the restriction 

r|En(H/,xay) : S n (VKt X dV) ^ Wt 

is submersive (hence a locally trivial fibration). 

For any t' G Wt the fibre St' n dV is a disjoint union of circles, contained in 
{t'} X T]y{T]). In each connected component of {t'} x T]y{T]) we find exactly one 
circle. Define 

S : W^t X C" ^ {t} X C" 
by E{t',x) := {t,x). Fix any t' G Wt- The inclussion 

L : Tn{v) ^ N 
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induces a fibration 

powS|{t,}xT„(„) : {t'} X Tn{v) ^ St n dv. 

If Wt is small enough and t' G Wt , each circle of fl dV meets transversely the 
fibres of poioS|{t;}xTjv(r;)- Observe that the fibre of poioS|{t;}x7-j^(^) at any point 
{t, y) € St n dV is a n — 1-dimensional complex analytic submanifold of {t'} x C". 
Given {t' , x) G flEt/ n dV we denote by H(t' .x) the complex tangent space at (t', x) 
of the unique fibre of poioS|{t;jxTjv(r;) to which (t',x) belongs. Define 

p : IV ^ E n (M^t X 

as the bundle whose fibre over any point {f ^x) G E fl {Wt x 91^) is H(^t'.x)- Clearly 
p is a normal bundle extending p, and, if 77 is small enough then Tj^^rj) is naturally 
embedded in Wt x dV and satisfies Condition (1). 

The space T-^{rf) has exactly one connected component Ci for each connected 
component of ft dV . Let Hi be the transversal Milnor number corresponding to 
the i-th connected component of Et n dV . As p is a normal bundle, by Property 
(3) of Definition |31 and Lemma |^ we deduce the following: for any connected 
component Ci, the restriction of / to any fibre of P(j, is an analytic function which 
has an isolated singularity at the origin with Milnor number /x^. By the constancy 
of the Milnor number we get, perhaps shrinking Wt and diminishing 77, that the 
restriction of ft' the the fibres of Ci have no critical points outside the origin. This 
implies the existence of a positive 5 such that f^^{s) is transverse (in the stratified 
sense if s = 0) to dV in T-j^{ri), for any t' G Wt and s G Ds. 

If Wt and 5 are sufficiently small and t' S Wt and s G Ds, the transversality 
of f^^{s) to dV outside Tjj{7]) follows because /t~^(0) is transverse to dV outside 
Tj^(rj) and the transversality is an open condition. □ 

5. The embedded topological type and the Milnor fibration 

Assumption. Thorought the rest of the paper we assume n > 5. 

Along this section we let ft : (C", O) — > C be a smooth family of holomorphic 
germs depending on a parameter t varying in a smooth manifold T. Let / : TxC'^ — > 
C be the smooth function defining the family. We assume that the critical set of 
ft at the origin is of dimension 1 for any t, and that the family is topologically 
equisingular at the critical set. Denote by 

: T X C" ^ T X C 

the mapping (t, /). 

Notation. Given A C T x C" x and B C T we define Ab = Af\ t-^{B). 
5.1. Cuts. 

Definition 28. A cut for / with amplitude 5 over a submanifold V C T is a closed 
smooth hypersurface H ofiJj^^{V x Ds) with the following properties: 

(1) There is a tubular neighborhood ofSClH in H which coincides with Tjv (rj) 
for a certain normal bundle to E called tt : iV ^ E fl H , and a certain 
r]>0. 

(2) For any (t, s) E V x Dg the hypersurface H meets the (open) set of smooth 
points of (/)^^{t, s) transversely. 
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(3) There is a unique connected component Xint{H,V, 6) (the interior compo- 
nentj of^p^^(V x Ds) \ H, which contains the zero section. Moreover the 
restriction 

T\x,„,iH,V,S)-X,nt{H,V,6)^V 

is a smooth locally trivial fibration, with fibre a contractible compact mani- 
fold with corners. 

(4) For any t G V and any neighborhood W of the origin adapted to ft and 
contained in Xint{Y,V, H)t, for any Milnor disk radius 5' for {ft,W) sat- 
isfying S' < 5, and any s € D*g, we have that ff^^{s) D {Xint{Y, V, H)t \ W) 
is a homotopically trivial cobordism. 

(5) For any t d V and any neighborhood W of the origin adapted to ft and 
contained in Xint{Y,V, H)t we have that Sf n {Xint{Y,V, H)t \ W) is a 
trivial cobordism. 

( 6) The previous property implies that, for any t G V , there is a bijective cor- 
respondence (induced by inclusion) between the connected components of 
Y.tnX,nt{Y,V, H)t\{it,0)} andT,vr]X,nt{Y.,V,H)\V. For any connected 
component T of Ey n Xint(Y, V, H) \ V and any {t,p) G T, the transversal 
Milnor number of ft at p is independent on the point (t,p). 

Remark 29. By the proof of Lemma \lfA it is sufficient to check Property (4) for a 
single neighborhood adapted to f. 

Remark 30. The definition of system of neighborhoods adapted to ft implies 
that for any neighborhood W of the origin adapted to ft, there exists S such that 
'i'^^iit} X Ds) n dW is a cut over {t} of amplitude S. 

The relations ^ and -< are defined as in Section 

5.2. Construction. Let C — [0,1]'* be a cube embedded in T and V an open 
neighborhood of C in T diffeomorphic to the open cube (— e, 1 + cY (for e > 0). 
Suppose that we have cuts and H- for / over V of the same amphtude S, such 
that H- -< Hj^. Along this section we will shrink 5 when it is necessary without 
exphcitly mentioning it. Define X := Xint{H+, V, S) \ Xint{H^,V, S). 

By Definition EU an easy argument with cobordisms, and Ehrcsmann Fibration 
Theorem, the restriction 

(27) T|snx:EnX->y 

is a locally trivial fibration (trivial in fact, since the base is contractible), with 
fibre a trivial cobordism diffeomorphic to a disjoin union of cylinders, one for each 
connected component of E \ y . We will assume for notational simplicity that S \ y 
is connected, being the treatment of the general case completely analogous. We 
consider a diffeomorphism 

(28) 1/ : E n X ^ X [0, 1] X F 

such that r|snx = P3°'^ (being pi the projection of §^ x [0, 1] x 1/ to the z-th factor 
for i = 1,2,3), i/(EniJ_) = §1 x {0} x y and v{^nH+) = x {1} x V. 

By Definitionl28lthere exist a normal bundle 7r+ : Eni7+ and a neighbor- 

hood of E n in which is equal to T/v^ (rj) for a certain positive r]. Similarly 
there exist a normal bundle 7r_ : N- E n H- and a neighborhood of E n H- in 
H- coinciding with Tn_ (rj). 
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For any t G V^, if zi is a coordinate of C" not vanishing at St, the zi-section 
(that is, the hyperplane V{zi — zi{x))) is transverse to Sf at any point x G Et, with 
finitely many exceptions. This allows to find an annulus A embedded in Y.nXt not 
meeting the boundary, whose embedding in EnXf is a homotopy equivalence, such 
that the zi-section is transverse to S at any point of A. Consequently the vector 
subbundle tta ■ Na ^ ^ of T(T x C", T)a whose fibre over a G A is the zi-section 
of the fibre T(T x C", T)a is a constant (and hence holomorphic) normal bundle to 
S over A. 

Using Lemma 122 we extend the bundles tt^, 7r„ and tta to a normal bundle 

(29) TT : N ^T,C^X. 

We choose 77 small enough so that Tf^{vi) embeds as neighborhood of E n X in X. 
Observe that we have automatically the compatibility 

By the last condition of Definition 1281 and by Lemma EOl the Milnor number at the 
origin of the restriction of / to the fibre of tt over a; G S n X is independent of x. 
Observe that E n Xc is diffeomorphic to the product of C and a cylinder, which 
is the same than the product of a circle and a (d + l)-dimensional cube. Since 
the restriction tta is holomorphic, an application of CoroUarv 1151 enables us to use 
the results of Section |21 to the restriction of the function / to T/v {rf) , viewed as a 
//-constant family parametrised over T, D X. 

Thus, by Lemma[3and Proposition|Hl there exists a cut S for / over E fiX with 
amplitude i5 such that Y := YintiS-^T, n X,6) is contained in TN{ri). We consider 
the composition i/ott : F ^ x [0, 1] x C. Given any t C, consider the circle 

Kt := §^ X {0} X {t} 

inside §^ x [0, 1] x C, and define 

Yk, {iyoT:)-\Kt) = 7r-i(Et n H^) ^YtHH^. 

By Theorem 111! there exist a homeomorphism 

(30) -.Y ^Yk,x [0,1] xC 
such that 

(1) We have the equality vott = (pioi/o7r|Y^^ , (72, (73)0^', where Qi is the projec- 
tion of Yxt X [0, 1] X C to the i-th factor. 

(2) We have /Ir^^^ogio* = /. 

(3) the restriction of 5* to E fl X coincides with i/, and the restriction of \1/ to 
y \ (E n X) is smooth. 

We will use the notation Z = X \ Y. The subspaces Y and Z meet at a com- 
mon boundary which coincides with the cut S. As for any t ^ C and s G Ds 
the fibre f^^{s) meets S transversely, by Ehresmann Fibration Theorem and the 
contractibility of the base the restriction 

(31) il;\z : Z ^ C X Ds 

is a trivial fibration, which we call the outer fibration. 



TOPOLOGICAL EQUISINGULARITY 



29 



5.3. Topological trivialisation of the space between two cuts. We start 
studying the outer fibration using cobordism theory. 

Lemma 31. For any s e Dg, the cobordisms 

(32) if^\s) n X, f,-\s) n H+, f,-\s) n i/_) 

(33) (/r'(s) n z, f,-\s) nznH+, f,-\s) n z n iJ_) 

are simply connected h- cobordisms, the second one with boundary. 

Proof. By Property (4) of Definition [2HI we may find a neighborhood W of the 
origin adapted to ft such that W is contained in Xint{H+,V, 5), Xint{H-, V, S) and 

(34) if^-\s) n X,^t{H+, V, S) \ ft-\s) n H+Ji\s) n dW) 

(35) (/r' (s) n X„,t (H- ,V,6)\ W, f^\s) n , f^\s) n dW) 

are honiotopicaUy trivial cobordisms for s non-zero and sufficiently small. This 
easily implies that the cobordism (|32|l is also homotopically trivial, and that the 
three spaces involved in the cobordism have the homotopy type of /t~^(s) n dW , 
which is the boundary of the Milnor fibre of /( for the adapted neighborhood W . 

Consider tt : F ^ S n X as in Construction [O Define (f) :¥ ^ [Y^f] X) x Ds 
by 4> :— (tt, /). Consider the space 

B = (/)-i((Etnff_) xDa). 

Observe that B is included in and that we have the equality 

/r\s)ns = r'((StnH_) X {s}). 

The mappings 

(36) ttIb : 5 -> St n 

(37) 7r|^-.(,)^5:/ri(s)nB->Stnff_ 

are locally trivial fibrations over a circle with simply connected fibres: the fibres 
of the first mapping are contractible, and the fibres of the second are homeomor- 
phic to the Milnor fibre of the transversal singularity at any point of Et, which 
is simply connected by the Kato-Matsumoto bound (recall that we have assumed 
n > 5). Hence the inclusion /t~^(s) C\ B d B induces an isomorphism of (infinite 
cyclic) fundamental groups. Using this, an easy application of Seifert-van Kampen 
Theorem shows that the fundamental group of /t~ (s) n iJ_ is isomorphic to the 
fundamental group of (/^"^(s) fl H^) U B. 

The restriction of the mapping (|31|l to [Z n -ff-)t yields a trivial fibration 

(38) ^l(zn//_), : {Z n H^)t ^ {t} x Ds. 

Using it we deduce that the space (/t^^(s) fl H-) U S is homotopy equivalent to 
fir^{Ds)nH^. Using the fibration ^ we show that ft^^{Ds)nH_ admits (/r^(0)n 
U B as a deformation retract. Working with the fibration H36I) we prove that, 
in turn, the space {f^ (0) CiH-) UB admits f^T (0) CiH- as a deformation retract. 
Thus (/t~^(s) n H-) U B and /t^^(O) fl have isomorphic fundamental groups. 
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Consequently ft^^{s) fl H- and /(^^(O) fl iJ_ have isomorphic fundamental groups 
for any (s, t) £ C x Ds). 

We can show in the same way that the spaces f^^{s) fl and /t~^(0) ^ 
(respectively f^^{s) flX, and /j~^(0) flX) have isomorphic fundamental groups for 
any (t, s) G C x Z?^. 

With a similar construction we can show that ft^{s) fl dW has the same funda- 
mental group than f^^{Q) n dW ^ which is homotopy equivalent to the classical link 
of ft- The later space is simply connected by 15 , Theorem 5.2 (use that n > 5). 
We have shown that (|32|l is a simply connected /i-cobordism 

Consider the decomposition 

(39) fr\s) nH^^ {f^-\s) nH^nY) \J{fr\s) riH^nz) 

The mapping tt fibres the first piece and the intersection of the two pieces over 
the circle Et n with fibres the Milnor fibre and the link of the transversal 
singularities respectively. The link of the transversal singularity is simply connected 
due to Theorem 5.2 of ^15.^ (we have assumed n > 5). Seifert-van Kampen Theorem 
implies now that ff^{s) n and ft'^is) Ci iJ_ n Z have isomorphic fundamental 
groups. Therefore (s) fl H- n Z is simply connected. Similarly we show that 
/j^^(s) n H+ n Z and ff^{s) Pi Z are simply connected. 

It remains to be shown the following vanishing of relative homology groups: 

HMt-\s)nzjt-Hs)nznH_;Z) = o 
H,ift-\s)nz,f-\s)nznH+;Z) = o. 

Using the ladder of long exact sequences formed by the Mayer- Vietoris sequences 
associated to the decomposition (|39|) and the decomposition 

(40) f,-\s) = {f,-\s)nY)[jif,-\s)nz), 

and the fact that the inclusions 

ft-\s)nH^nY c ft-\s)nY, 
ft-\s) n n y n z c fi\s) n r n z 

are homotopy equivalences (which is true due to the homeomorphism H3U|) ). we 
show that the first required vanishing follows from the vanishing 

which is true since the cobordism (|32ll is an homotopically trivial. The second 
vanishing is proved similarly. □ 

Lemma 32. If H is a cut for f over V with amplitude S then ff^{s) CiH is simply 
connected for any {t,s) G x Ds- 

Proof. We may assume that H is equal to the cut of the previous Lemma. 
We have shown that ft^^{s) n is simply connected for s ^ 0, and that the 
fundamental groups of f^\s) n and /r^(0) n are the same. □ 

We have the ingredients for the proof one of our main technical propositions. 

Proposition 33. For any t €z C there exists a homeomorphism 

(41) O: X ^{H_)tx [0,1] xC 
such that 
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(1) We have r ~ P30Q, where pi is the projection of {H^)t x [0, 1] x C io the 
i-th factor (i ~ 1, 2, 3j. 

(2) We have f\^H-)t°Pi°Q ^ f- 

(3) the restriction of Q to'EClX is smooth with target {[H-)t fl S) x [0, 1] x C 
and the restriction of Q to X\Ti is smooth. 

(4) The restriction Q\y coincides with the homeomorphism f3U\) . 

Proof. We have the equaUties 

Sk, := S n ivoTT)-\Kt) = snn-\T.tr\H^) = {SnH^)t. 

The restriction of the homeomorphism to the boundary S induces a diffeo- 
morphism 

(42) ■^\s: S~^{Sn H_)tx [0,1] xC 

preserving the fibres of /. 
The restrictions 

(43) i^\s:S^CxDs 

(44) ijynH^)r-iSnH^)t~^{t}xDs 

of the trivial fibration 13111 are trivial fibrations as well. Choose a smooth triviali- 
sation 

^1 := (7,i,/t) : (5ni7_)* ^ V'l^snH_).(^'0) >< W x Ds 

oitp\(snH.)f 

Denote by qi the projection of {Sr\H^)t x [0, 1] x C to the i-th factor (i = 1, 2, 3). 
Since is a restriction of the homeomorphism H30() . the mapping 

(45) T : S ^i>\l^'^j,_^^it,0) X [0, 1] x C x i^^ 

defined by T := (7091, 92, Qs, ft°qi)°'^\s clearly satisfies i>\s = ip3,Pi)oT, where Pi 
is the projection of V'l(snff )t(*' x [0, 1] x C x Ds to the i-th factor. 
Define 

- ■■ V'lrsnff_).(^'0) X [0,1] X C X Ds ^ ^15^^,0) x C x Ds 

hy S{y,u,t' , s) :~ {'9\g^{y,u,t),t' , s). Then the composition 

ip2 := SoT : S iplg^t, 0) x C x Ds 

is a trivialisation of the fibration tp\s. 
Consider an extension 

ip3:Z^^\^\t,0)xCxDs 

of tp2 to a trivialisation of tplz- 
By Lemma mi the triple 

(46) {^\z\t, 0), ij\z\t, 0) n H^,^\z\t, 0) n H+) 

is a simply connected /i-cobordism with boundary. The diffeomorphism (|45ll induces 
a trivialisation of the boundary cobordism 

i^\s'it,o),^\g\t,o)nH^,^\g\t,o)nH+). 

By /i-cobordism Theorem the cobordism (146(1 admits a trivialisation 

K : ij-^\z{t,o) ^ {ij-^\zit, 0) n H-) X [0, 1] 
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which extends the given triviahsation at the boundary. 
Consider the difFeomorphism 

T' : Z ^ (V^"i|z(t,0) niJ_) X [0,1] X C X Ds 

defined by T' :— (kocti, (T2, cr3)o(^3, where ai is the projection of 0) x C x Ds 

to the i-th. factor. By definition T' extends T. 
The mapping <p3 restricts to a triviahsation 

^3\(znH^), ■■ {Zr\H^)t 7M^i(i,0)ni?_ x {t} x Ds 

of the fibration V'l(2nH_)t ■ ^ -^-)t ^ {0 ^ -^<5- Define 

: {Zr\H^)t X [0,1] X C 

by = (((93|^2^^^_-|^(a::,s),u,i'), where (x,'u,f',s) := T'(z). 

As T extends T' we obtain that and concide at the intersection of their 
domains. Hence the desired homeomorphism Q can be defined piecewise over Y 
and Z gluing and 5''. 

In order to fulfiU the difFerentiabihty of 8 at 5 it is sufficient take a collar of S 
and modify and ^P' in each of the sides so that the gluing is smooth. □ 

Corollary 34. Let f : (C",0) —i-Cbea holomorphic germ with critical set of 
dimension 1 at the origin. Given a system of neighborhoods {Ua}aeA of the origin 
adapted to f , the homeomorphism type of the embedded link and the dijfeomorphism 
type of the Milnor fibration of f associated to {Ua}aeA coincide with the classical 
ones. 

Proof. In Proposition [531 we exhibit a system of neighborhoods adapted to / for 
which the statement is true. Suppose that we have two neighborhoods Wi, W2 of 
the origin adapted to / such that Wi C 1^2 ■ By Remark [HOI there is (S > such 
that dWi n f~^{Ds) is a cut for / of amplitude 6 for i — 1,2. A straightforward 
application of Proposition 1331 gives the result. □ 

5.4. The embedded topological type and the Milnor fibration. We show 
that being a cut is an open property on the base: 

Lemma 35. Let ft : (C",0) —^Cbea smooth family of holomorphic germs de- 
pending on a parameter t varying in a smooth manifold T, and V be a compact 
submanifold of T . Assume that f is equisingular at the critical set. Suppose that 
we have a positive 6 > Q and a closed smooth hypersurface H ofip^^{T x Ds) which 
satisfies Property (1) of Definition \28l and which is such that the restriction H\y is 
a cut over V of amplitude 6. Then there is an open neighborhood U of V in T such 
that H\ij is a cut over U of amplitude 6. 

Proof. We have to check that Hu satisfies Properties (2)- (6) of Definition 1281 for 
a certain open neighborhood U of F in T. The second property follows from the 
fact that Property (1) holds and an argument like in the proof of Lemma 1771 Let 
U be an open neighborhood over which Properties (1) and (2) hold. It is easy to 
check using Ehresmann fibration Theorem that Property (3) holds as well. The fact 
that Property (5) holds (after possibly shrinking U) is an easy argument involving 
manipulations with cobordisms, Ehresmann fibration Theorem, and the fact that 
cobordism (|26|l is trivial. To show that Property (6) holds (after possibly shrinking 
U) we only have to use that it holds over V , that V is compact and that the family 
is equisingular at the critical set. 
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Proving Property (4) is slightly more involved. Let U be an open neighborhood 
of y in T over which Properties (l)-(3), (5) and (6) are satisfied, and such that V 
meets all the connected components of U. Then X Xint{H, U. 5) is defined. The 
mapping 

(47) t:X^U 

is a locally trivial fibration with contractible fibres, and the mapping 

(48) V = (t,/) :X\ri(0)^C/xi?| 

is a locally trivial fibration whose fibre is diffeomorphic to the Milnor fibre of ft for 
any t (notice that if is a cut over V). 

Choose any t G U. Let W be a neighborhood of the origin adapted to ft satisfying 
that {t} X is contained in Xf We will prove that the cobordism 

(49) {ft-\s) nxt\w, ft-\s) n H, f,-\s) n dw) 

is a simply connected ft,-cobordism for any s G Dg . 

Using the fibration (|48|l and Lemma |221 we deduce that /t~^(s) Ci H is simply 
connected for any {t,s) £ U x Dg. The space ft~^{s) fl dW is simply connected 
by Lemma 122 since dW is a cut over t. By fibration l|48|) and the fact that H is 
a cut over V we deduce that /(~^(s) fl Xt has the same homotopy type than the 
Milnor fibre of ft, which is simply connected by Kato-Matsumoto bound. As W is 
a neighborhood adapted to / the space f^^{s)r]W is also homotopic to the Milnor 
fibre of /(. Seifert-van Kampen Theorem applied to the decomposition 

fi\s) nxt = ft~\s) nXt\wu f^^s) n w 

gives that f^^{s) (1 Xt\W is simply connected. 

To finish the proof it is enough to show that all the relative homology groups 

H4f,-\s) nxt\w, ft-\s) n dW;Z) 

vanish. By excision it is equivalent to show the vanishing 

H,ift-\s) n XtJt'\s) nW;Z) ^ 0. 

Using the inclusions ft~^{s) n Xt C Xt, ft'^{s) nW C ft^\Ds) H W, the fact that 
Xt and f^^{Ds) n W are contractible, and long exact sequences in homology, it is 
easy to show that the wanted vanishing is equivalent to the vanishing 

H4Xt \ w, ift-\s) nxt\w)u {ft\Ds) n dw)-z) = o. 

As dW is a cut for /( over t with amplitude 5 and Xint {dW, {t}, 6) = f^^{Ds)r]W 
is contained in Xt, performing Construction l5^ for ft, T = C = {t} we obtain an 
splitting Xt\W — Y (J Z , such that the restriction 

ft\z -Z^Ds 

is a trivial fibration and the space Y is equal to ft^^{Ds) n Tn{vi) for a a normal 
bundle p : iV — > n {Xt \ W) to Et and a positive ry. 

Using the triviality of ft\z and homology excision we reduce our problem to 
prove the vanishing of 

H,{Y,Yr\{ft\s)\JdW));Z)^Q, 

which is easy using the homeomorphism and the homotopy invariance of ho- 
mology. □ 
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Theorem 36. Assume n > 5. Let ft be a smooth family of holomorphic germs 
parametrised over a connected family T, such that St is 1-dimensional at the origin 
for any t. If ft is equisingular at the critical set then the diffeomorphism type of 
the Milnor fibration and the homeomorphism type of the embedded link of ft is 
independent oft. 

Proof. As T is connected we are reduced to prove a local statement in the base. 
Given any t G T we consider an adapted neighborhood to /(. By Corollarv l34l 
for a certain positive 6, the Milnor fibration of ft is C°°-equivalent to 

ft:Wnf^\dDs)^dDs 

and the embedded link is homeomorphic to 

id{wnf^\Ds)),f^\o)ndw). 

Consider another neighborhood of the origin W' adapted to ft, such that we 
have the inclusion W' C W. By Remark 1201 there exists 6 > such that 

mxdW)nf^\Ds) 

and 

m X dW) n f,-\Ds) 

are cuts over t of amplitude 5. By Lemma |27l (1) and Lemma |35l there is a neigh- 
borhood C of i in T (which can be taken take cubical) such that 

H+ := (C X dW) n ij-^C X Ds) 

and 

H- -.^ (C X dW) n i;-\C X Ds) 
are cuts over C of amplitude S. 
Then the fibration 

V- : X,„t{H+,C, S) \ f-\0) -^CxD} 
is locally trivial. Consequently the diffeomorphism type of the fibration 

(50) ft' : {t'} xWn f^\dDs) ^ dDs 

is independent of t' e C. For t' = t we obtain the diffeomorphism type of the 
Milnor fibration of t. 

An easy argument using Proposition 1331 applied to and easily implies 
that the homeomorphism type of the pair 

(51) ((ax„t {H+ , C, 6)t' , dXM {H+ ,C,5)tr\ f^\Q)) 

is independent of t' G C . For t' ~ t we obtain the homeomorphism type of the 
embedded link of 

Fix any t' G C. Consider any neighborhood W" adapted to ft' such that W" C 
W. By Corollary!^ the Milnor fibration of ff is diffeomorphic to 

(52) ft' ■.w"nf,-;\dDs)^dDs 

and the embedded link of ff is homeomorphic to 

(53) {d{w"nf-\Ds)),f,-\o)ndW) 

for 6 small enough. 

By Remark ISni if we shrink S enough we have that {{t'} x dW"{t'}) n ft^^{Ds) 
is a cut over t' of amplitude 5. Another application of Proposition now for 
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C = {t'}, H+ := {{t'} X dW)nf-\Ds) and H- := {{t'} x dW")nft;\Ds) implies 
that the diffeomorphism types of the fibrations H5Q|I and H52|l are the same and that 
the pairs (|51|l and H53|) are homeomorphic. □ 

6. Topological i?-EQuivALENCE 

Our aim is to prove that any family ft of analytic germs, parametrised over a cube 
C, with critical set of dimension at most 1, which is topologically equisingular at 
the critical set, is, in fact, topologically equisingular with respect to i?-equivalence. 
Once we have the results of the previous section we can follow closely the strategy 
that we used for /i-constant families in Section 12 We do it now pointing specially 
the aspects in which the proofs are different. 

6.1. Extension of cuts: the non-isolated case. We define extension of cuts as 
in Definition 2] Consider the closed and open cubes C and U as in 12.31 Consider 
two cuts and iJ_ for / defined over U of the same amplitude S, pairs 

as in 12.31 and a cut Hq of amplitude 6 over a neighbourhood V oi a, contractible 
union of faces A. 

We show that Lemma |S1 still holds in the new setting: 

Lemma 37. In the setting above, after possibly shrinking U and V to smaller 
neighborhoods of the corresponding sets, there exists a cut Hq over U which extends 
H(j and satisfies H- -< Hq, -< Hq for any i, Hq -< Vi for any i, and Hq -< 

Proof. The structure of the proof is the same than the one of Lemma El However 
we need to adapt several arguments. 
Define 

X X,„tiH+, U, S) \ X,nt{H.,U, S). 

Step 1: we shall inductively reduce to the case in which fci + fc2 = 0. Suppose 
that fci + fc2 > 0. Assume that /c2 > 0. 

Observe that by the definition of a cut the projections 

T : E n X ^ [/, 
r : S n {X„uiH+,C[,S) \ {X,^t{vi,U, 5)) ^ C[ 
r : E n (X,„t {vi,U,5)\ {X.^t (i?- ,C[,5)) ^ C[ 
are trivial fibrations with fibres trivial cobordisms diffeomorphic to a disjoin union 
of cylinders, one for each connected component of E n 7?+. We will assume for 
simplicity that there is a unique connected component, being the general case anal- 
ogous. We denote EnX by E'. Taking into account that the "-<" relations between 
the cuts are preserved by intersecting with E, an argument like Step 1 of Lemma |31 
shows that (after possibly shrinking U and C'l to smaller neighborhoods) there 
exists a smooth closed hypersurface if C E' with the following properties: 

(1) (extension) we have Kc[ = i^i n Epj. 

(2) The space Yj'\K has two connected components and A- each of them 
containing respectively H+ n E and fl E. The component A_ contains 
moreover the intersections Hq n E, /i^ n E and Vj H E for any i and j ^ 1. 

(3) The restrictions r : A- U and tt : A+ U are locally trivial fibrations 
with fibre a trivial cobordism (a cylinder). 
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In this situation there exists a diffcomorphism 

: S' ^ (S' niJ_) X [0,1] 

such that 

Lp{H^ n s') = n s') X {0}, 
ip{H+r\T,') = nE') X {1}, 
ip{K n E') = iH_ n E') X {1/2} 

and 

r = Toqioifj 

with 5i the projection of (E' n x [0, 1] to the i-th factor i = 1,2. 

Let 7r+ : M+ ^ E' n H+, 7r_ : Af_ T,' n H+ and tTj.^ : Mj.^ i^i n E'|c; be 
normal bundles such that a neighborhood of E' n , E' n H_ and E' n i^i in , 
-ff _ and vi coincide with a tubular neighborhood of the zero section of 7r+ , 7r_ , and 
TTj^^ respectively. As in Construction [5^ we construct a normal bundle tt : — > E' 
which extends 7r+ , 7r_ and tt^^ and is holomorphic over an annulus contained in E^ 
for a certain i G C, whose inclusion into E^ is a homotopy equivalence. Consider 
T] such that T]^{ri) is naturally embedded in T x C" and observe that the Milnor 
number of the restriction of / to the fibres of tt at the origin of the fibres is constant. 
We have a /i-constant family over E' for which Assumption A is satisfied (see 
Corollary nil). 

Define 

</.:= (^,/) :T^(77) -.S' xC. 

Consider the restriction 

^\x = {T,f)\x:X^UxDs. 

As in Construction l5^ we may find a smooth hypersurface S C X, which splits 
X in two submanifolds with boundary, whose closures are denoted by Y and Z, 
(being Y the one containing E') and a homeomorphism 

* : r ^ (r ni/_) x [o, i] 

whose restrictions to E' and y\E' are smooth, and satisfying iply = '>P\YnH^°<li°'^ , 
and ipoTr\Y — ((7r|ynff_ , «c')°^j being qi the projection of (Y n x [0, 1] to the 
i-th. factor {i — 1, 2), The inverse ^'"^ may be seen as a flow that integrates a (not 
necessarily continuous) vector field y defined over Y, which is smooth over E' and 
y \ E', is tangent to the fibres of ip, and whose integral 5"^^ extends cp^^ and takes 
fibres of tt to fibres of tt. 

Our aim now is to extend ^ to a vector field defined over X. We work first in 
X\c'^- Define 

B+:=Zn X„u {H+ ,C[,S)\ X„u {vi ,C[,5), 
B^:=Zn X,„t {iyi,C[,6)\ (X„t iH+ ,C[,6). 

By Ehresmann fibration Theorem and contractibility of the base the restrictions ip : 
_B+ C[ X Ds and ip : ^ C( x Ds are trivial fibrations, with fibres cobordisms 
with boundary, being the boundary cobordisms the fibres of the restrictions '01-B+nS 
and ip\B-ns- AH the boundary cobordisms are simultaneously trivialised by the 
restrictions "^Is+ns and \E'|B_ns- 
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Applying the procedures of the proof of PropositionOnito B- and B+, we obtain 
that there is a diffeomorphism 

e:Zc; ->(Zni7_)c( X [0,1] 

satisfying 

(i) e|5^, =*ls^,, 

(ii) Mzc:^ = i^\(znH-)c, opio© (being pi the projection of {Z n i?-)c( x [0, 1] to 
the first factor), 

(iii) e(z.i|c; nz) = (i/_|c;) nz)x {1/2}. 

The first compatibihty implies that 6 and ^' glue to a homeomorphism S from the 
union of their domains (Y U to the union of the images. Using a collaring we 
may assume that 2 is smooth at S. Observe that the cut i^i\c[ is contained in the 
domain of definition of S and that 

S(j.i|c:;) = F_|c; x{l/2}. 

The inverse may be seen as a flow of a vector field Z defined on F U Zq'^- 
Observe that the restriction 

tl; : Z ^ U X Ds 

is a trivial fibration with fibre a trivial cobordism with boundary. Following the 
procedure used in the proof of Lemma to extend the vector field y to A", we can 
construct a vector field Z' in {Z \ Z)c' which coincides with Z at the intersection 
S U Zqc[ of the domains of Z and Z\ and whose flow induces a diffeomorphism 

S': (Z\Z|ci)-(H-n((Z\Z)c;) x [0,1]. 

satisfying the analog of property (ii) above. A careful construction of Z' (using a 
collaring) yields that Z and Z' glue to a vector field X defined over X, which is 
the desired extension of 3^ to AT. 

Step 1 finishes using the flow of X as we use the flow (/? in the proof of LemmaEl 
Step 2 is also as in Lemma El □ 



6.2. Existence of cuts: the non-isolated case. Let / : J7 x C" — > C be a smooth 
family of holomorphic functions (with U — (— e, 1 + e)''). Consider C = [0, l]'^ C U . 
Let p be a distance function associated to a hermitian metric in the trivial vector 
bundle r : C/ x C" ^ C/. Recall that i/' = (t, /). Given any subset S C C/ x C" we 
denote by drB the union drB := UuejjdBu- 

Proposition 38. Let : C — > (0, oo) be any continuous function. There exist a 
positive 6 and a cut H over C with amplitude 5 such that Xint (H, C, 6) is contained 
m B{C,9). 

Proof. The proof is completely analogous to the proof of Proposition |S1 using the 
fact that for any neighborhood W of the origin adapted to ft there is a neighborhood 
Voft'mU and a positive 6 such that dW ri'ijj~^{V x Dg) is a cut for / over V of 
amplitude S. □ 
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6.3. Topological equisingularity. Let C, t : E U, f and ip as in Section IH?^ 
Let 01 : U M+ be a positive continuous function. By Proposition |2H1 there exists 
(5i > and a cut Hi for / over U of amplitude Si such that X := Xint{Hi, C, Si) 
is contained in B{C, 0i). Define X* -.^ X \ /"^(O). 

Construction (f). Let H2 be a cut for / over C of amplitude S2 < Si such that 
H2 < Hi. Consider Zi := Xint{Hi, C,S2)\ Xint{H2,C, (52 )• As in Constructional 
we obtain a normal bundle tti : Mi — > Zi H S such that r^(Mi) embeds in Zi as a 
tubular neighborhood of E n Zi for a positive 77. Using Proposition [23 it is easy to 
construct a vector field Zi in Zi which is smooth outside S, smooth and tangent 
to E at S n Z, and such that its flow induces a homeomorphism 

e : Zi ^ (Zi niJi) X [0,1] 

satisfying 

(a) we have ^ = ip\zinHxOpi°Q, where pi is the projection of {Zi H Hi) x [0, 1] to 
the i-th factor, 

(b) we have the equalities 

Q{ZinHi) = {ZiDHi) X {0} 

e(Zini/2) = {ZinHi) x {i}, 

(c) for r/ sufficiently small, the diffeomorphism given by the restriction of the fiow 
to T,,i{Mi) for a fixed time s takes the fibres of tti to fibres of tti. 

Lemma 39. There exists a (not necessarily continuous) vector field X in X\C 
with the following properties: 

(1) its restrictions to X \ T, and to E \ C are smooth 

(2) it is tangent to the fibres of t, 

(3) there exists a vector field W in Dg, which is radial, pointing to the origin 
and of modulus |yy(z)| < |z|^, such that df(X){x) = yV{f{x)) for any 

xex\/-i(0), 

(4) the vector field X is tangent to f ^(0) outside E and it is tangent to E in 
E, 

(5) any integral curve converges to the origin of the fibre of t in which it lies 
in positive infinite time, 

(6) the flow of X is continuous. 

Proof. As in the proof of Lemma lTUI we construct X as the amalgamation two vector 
fields y and Z. 

There is a continuous function 62 : C ^ M. such that B{C,62) is included in 
Xint{Hi,C,Si). By Proposition 1381 there exists S2 satisfying > ^2 > and a cut 
H2 for / over C of amplitude 62 such that X2 := Xint{Hi,C,S2) is contained in 
B{C, 1/262). We iterate this procedure to obtain an infinite sequence of constants Si 
and cuts Hi over C such that the sets Xi := Xint{Hi, C, Si) form a nested sequence 

(54) X = XiD X2D ...D X,D ... 

of closed neighborhoods of C such that n°^iXi is equal to the zero section C. 

Let Z^ := {Xi \ X^+i) n f-^{Ds,^,). Let m : ^ T, n Z^ he the normal bundle 
appearing in Construction (|). If the normal bundles tt^ are chosen carefully enough 
they glue to a normal bundle tt : A/ E \ C. Let ^ : E \ C ^ M+ be a smooth 
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function such that Tm{0 embeds as a neighborhood of E\C in X\C. Construction 
(t) produces a vector field Zi over Zi. A partition of unity argument glues the vector 
fields Zi to a vector field Z defined on Z := U^^Zi, smooth in Z \ E, tangent to 
the fibres of ■0 at their smooth points, and such that Z\y: is smooth and tangent to 
E. Observe that we have df{Z) — 0. Let 

be the flow of where W C Tm(0 x M is the maximal domain where it 

is defined. By the property (c) of the flow of Zi (see Construction (f)), for any 
(x, u) ^ W the conmuting relation 

(55) 7r(5'(a;, u)) ^ *(7r(x), m) 

holds. 

Consider in C x I?| the vector fleld V" characterised by being tangent to the fibres 
of the projection from C x to the first factor, and a lift by the projection from 
C X Dg to the second factor of the vector field V in Dg which is radial, pointing at 
the origin and of modulus ||V(z)|| = As -0 ■ X* — > C/ x Dg is submersive we 

can define the vector field y in X* to be a lifting of V' by the mapping 0. Moreover, 
as the restriction of / to the fibres of p : T'a/(0 ^ only has critical points at E, 
(perhaps having to shrink ^) we may construct y such that its restriction to Tm{S.) 
is tangent to the fibres of tt : TmIS.) E. 

Let pi : Da — > [0, 1) be a smooth function vanishing at and positive in Dg. We 
choose pi small enough that the modulus \ \pi{f{z))y{z)\ \ converges to as I|/(z)|| 
approaches 0. Let p2 ■ U ^ M be an smooth function with support contained in 
the interior of Z and which is identically 1 in a neighborhood of /~^(0) n Z in Z. 
Define the vector field X := {piof)y + P2Z on X. 

As X\f-HQ^ coincides with -2|y-i(Q) it is clear that any integral curve in /~^(0) 
converges to the origin in positive infinite time. It is also clear that the restrictions 
of A:" to y \ E and to E \ C are smooth, and that the later is tangent to E \ C. All 
the properties required to X are clear except (3), (5) and (6). 

Property (3) is true taking W :— piV. 

Observe that the restriction y\HinY is tangent to and that Z points into X 
at any y ^ Z C] Hi. On the other hand df{X) is radial and pointing to the origin. 
This shows that no integral curve of X can go out of the domain X in positive 
time. As df{X) = piV and V is radial, pointing to the origin, and of module small 
enough that any of its integral curves converges to the origin in positive infinite 
time, we deduce that any integral curve of X not lying in /~^(0) is defined in 
positive infinite time. As X coincides with Z in /~^(0) it is also clear that the 
integral curves contained in /~^(0) are defined in positive infinite time. 

The continuity of the flow of X 

$ : (X \ C) X [0, 00) ^ X 

is clear outside (E \ C) x [0, 00), since X is smooth outside E. Observe that from 
the Relation (|55l) and from the tangency of y\TM{0 fibres of tt : Tm{£,) E 

we obtain that if $ : W' Tm{£,) is the flow of Xlrp^^^^^-j (where W is its maximal 
domain of definition), then we have the conmutation relation 



(56) 



7r($(a;, uj) = $(7r(a;), u) 
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for any {x,u) £ W. The continuity of $ at any point of (E \ C) x [0, oo) follows 
easily using this relation and the fact that the modulus ||pi(/(2))3^(2:)|| converges 
to as approaches 0. This shows (6). 

As the vector field X is smooth outside E the only accumulation points of an 
integral curve of X as time tends to +oo can be in E. As any integral curve of X 
inside E converges to the origin in positive infinite time, from the continuity of the 
flow of X we deduce that the only accumulation point of an integral curve of Z can 
be the origin of the fibre of t where it is contained. This proves Property (5). □ 

Here is our main topological equisingularity theorem 

Theorem 40. Let f : C x C" C be a family of holomorphic germs at the origin, 
with I -dimensional critical set and smoothly parametrised over a cube C . Suppose 
that it is equisingular at the critical set. Let t be any point of C. Use the notations 
considered in this section. There exists a homeomorphism 

(57) ^ :X xXt 

such that 

(1) we have r = pio'^ , where pi is the projection of C x Xt to the i-th factor 

(2) we have f\xt°P2°^ = f, 

(3) the restriction of to X \ 'E, and E \ C is smooth. 

Proof. The first step is to construct the restriction of '5 to drX. We have the 
decomposition drX = (X n f~^{dDs)) U {Hi n f^^{Ds). The restriction of * to 
Hi nf~^{Ds) can be constructed applying Proposition|2Slto the cuts H2 -< Hi (see 
Construction (f). The extension to X n f~^{dDs) is easy to obtain using that 

ip -.Xnf-^dDs) -^CxdDs 

is a locally trivial fibration. 

After this the proof is completely analogous to the proof of Theorem |21 replacing 
the reference to Lemma 11(11 bv a reference to Lemma OHl O 

7. Families with constant Le numbers 

Let / : T X C" ^ C a holomorphic function, where T is a connected complex 
manifold. Unless we state the contrary we suppose that the critical set of ft has 
dimension 1 at the origin for any t d T. Let Z := {zi,...,z„} be a coordinate 
system of C". The symbol ^.i^) denotes the i — th Le number of a holomorphic 
function / at the point x with respect to Z. Our aim in this section is to prove the 
following theorem: 

Theorem 41. // any of the following conditions hold: 

(1) there is a coordinate system Z such that the Le numbers at the origin of ft 
with respect to Z are defined and independent oft, 

(2) the generic Le numbers at the origin of ft are independent oft, 

then the embedded topological type of ft at the origin and the the diffeomorphism type 
of the Milnor fibration is independent oft€T. Moreover, if T is (difjeomorphic 
to) a cube, the restriction of the family over T is topologically R- equisingular. 
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Because of the results of the previous sections to prove the Theorem it is enough 
to show that the family is equisingular at the singular set. Thus we are reduced to 
prove: 

Theorem 42. // any of the conditions of the previous theorem hold then ft is 
equisingular at the critical set. 

Since equisingularity at the critical set is local in the base, we can assume that T 
is an open neighborhood of the origin in an affine space, and it is enough to prove 
that / is equisingular at the critical set in a small neighborhood V of the origin in 
T. 

A generic coordinate system Z for ft^ satisfies that the Le numbers at the origin 
of ft with respect to it are defined for any t close enough to to. Moreover, by the 
lexicographical upper semicontinuity of the Le numbers (^3] Corollary 4.16) the 
constancy of the generic Le numbers implies the constancy of the Le numbers of 
ft with respect to Z, for t close enough to ^o- Therefore Condition (2) implies 
Condition (1), at least locally in the base. 

By the definition of equisingularity at the critical set it is clear that (by slicing) , it 
is enough to assume that T has complex dimension 1 . Thus we make the assumption 
T = C. To any coordinate system Z = {zi,...,z„} for (C",0) we associate the 
coordinate system Z' :— {t, zi, z„} of C x C". 

Given A C C x C" we consider the notation At:=An {{t} x C"). 

Let S/ := V{df /dt,df /dzi, ...,df /dzn) denote the critical set of / and let 
S := V{df/dzi, df /dzn) be the union of the critical sets of the /f 's. 

Lemma 43. Let ft he a family with critical set not necessarily 1- dimensional: let 
s := dimoC^a)- Suppose that for small t the Le numbers A^^ zi^) ^'"^ defined 
and independent on t for any < i < s. Then the sets and E are equal in a 
neighborhood of the origin. 

Proof. We only have to show E C E/. For this we show that for any t small 
enough the set (E/)t contains Ef. If the inclusion does not hold there exists a 
sequence ?/„ = (t„,a;„) converging to (0,0) such that a;„ belongs to Et^ \ S/- 
Hence V{f — f{yn)) is smooth at j/„ and the tangent space Ty^V{f) is equal to 
V{t — tn). Consequently the limit of the tangent spaces is V{t). 

On the other hand, by jjl]. Theorem 6.5, C x {O} satisfies Thom's Af condition 
with respect to the open stratum at the origin, which contradicts the fact that the 
limit of tangent spaces is V{t). □ 

A consequence is that the first polar variety of / is empty, since, it is defined by 

(58) r}^z, = v{df/dz,,...,df/dzn)\^f. 

We deduce the following vanishings for t small enough (the Le varieties and Le 
cycles computations that follow are done using jTl], Chapter 1): 

(59) 7/,z'(^,O) = A?,z'=0 A°,z,(t,0) -0. 

Let E = U*L]^Ei and Eq = U[^]^Eo,i be decompositions of E and Eq in irreducible 
components. Reordering conveniently we can find numbers 1 < fci < fc2 < fc such 
that 

(1) The component E^ is 2-dimensional for 1 < i < fci. 
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(2) The component Si is l-dimensional and contained in V{t) for fci + 1 < i < 

(3) The component is l-dimensional and not contained in V{t) for k2 + l < 
i < k. 

(4) There exist numbers — ro < ri < ... < r^^ ~ r such that 

(60) n vit) = Lf;Lr,_,+l^o.^ 

for any 1 < J < ^2 • 

Now we assume that all the Le numbers of ft at the origin with respect to Z are 
defined for any t. 

In the following discussion we draw further consequences from the fact that the 
Le numbers A^^ zi^) ^'^^ independent on t for any < i < s = 1. Let X,Y C U 
be closed analytic subspaces of an open subset U of C". We denote by X \ Y the 
scheme theoretical closure oi X \ Y in U , and by [X] the cycle associated with the 
scheme X (see Chapter 1). 

Since the first Le number at the origin of ft with respect to Z is defined, and 
Sj is l-dimensional, all the irreducible components of F^^ ^ ^-re of the expected 
dimension 2 for any t (see ^3], pages 11-14). As E/^ is of dimension 1 and, by 
definition, 

(61) rl^2 = v{dft/dz3,...,dft/dzn)\j:f„ 

we conclude that all the irreducible components of V{dft/dz^, ...,dft/dzn) are 2- 
dimensional. Hence [dft/dz^, dft/dzn) is a regular sequence and the analytic 
subscheme V{dft/dz3, ...,dft/dzn) has no embedded components. Thus we have 

(62) rl^z = v{dft/dz3,...,dft/dz„). 

The third polar variety of / is 

(63) r]. z, = v{df/dz3,...,df/dz^)\j:f = v{df/dz^, 9//az„). 

The first equality is by definition. From the fact that all the irreducible com- 
ponents of V{dft/dz3, ...,dft/dzn) are 2-dimensional and the Theorem on the di- 
mension of the fibres of a morphism we deduce that all the irreducible compo- 
nents of V{df /dz^, ...,df /dzn) have at most dimension 3, which is on the other 
hand its minimal possible dimension given the number of equations defining the 
set. Hence {df /dz^, ...,df /dzn) is a regular sequence and the analytic subscheme 
V{df/dz3, ...,df/dzn) has no embedded components. This, together with the fact 
that E is 2-dimensional implies the second equality. 

Consider a decomposition in irreducible components of Fy 2' ^1 V{df/dz2) = 
V{df/dz2,...,df/dz,,): 

ki d 

(64) v{df/dz2, df/dzr.) = (IJ x^) \Ji\J r ), 

1=1 i=l 

where X^ coincides as a set with the component of E. As any is (at least) 
2-dimensional and the components E^ are l-dimensional for z > fci, no y is a 
component of S. We have 
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(66) Al^, = [r^ z, n Vidf/dz^)] - [Tl^,] = 

1=1 

Now we want to compute the first Le cycle of ft for a certain value of the 
parameter t. By equation (|62|l we have 

(67) Tl^z n v{dft/dz2) = v{dft/dz2, dft/dz^). 

Hence, taking into account Equation H64() . we have 

(68) [Tl^z n V{dft/dx,)] ^ if^iXl]) + (EKD- 

1=1 i=l 

Clearly (U^^^Xl) is included in E^^, and therefore 

(69) Ai^.^ > J2[Xl,] = {J2[X^]) . [V{t - to)]. 

i=l i=l 

Lemma 44. The previous inequality is actually an equality for any to ^ T: 

(70) A}^^,z = J2[Xl] ^ iJ2[X^]) . [V{t - to)]. 

2=1 1 = 1 

Moreover, the components ^ki+i,...,'^k2 do not appear. In other words, we have 
kl = k2. 

Proof. We claim that no component of Y"/^ is contained in E for any i < d and 
any to. The claim implies easily both assertions of the Lemma. 

By Lemma 021 it is enough to show that no component of Y^^ is contained in 
E. This is clear (after possibly shrinking the base of the family) for to ^ 0. Thus 
equality (|70|l holds in this case. 

Inequality H69|l implies that the first Le number of ftg satisfies 
(71) 

kl kl 

A},^,z > mult[o]((^[X']).[^(i-to)].[^[^i]] =niult[o]((E[^'ny(zi)]).[\^(i-<o)]. 

i=l i=l 

This inequality becomes an equality if and only if our claim is true. This is the 
case if io 7^ 0. 

As mult[o]((X]i=Li[-'^' n V^(zi)]) ■ [V{t)] is upper semicontinuous in t and the Le 
number A^-^ ^ is independent on t we conclude that Inequality H71|l must be an 
equality also for to = 0. □ 

Lemma 45. The Le numbers Ay- z'(^7 O) are defined for i < 2 and any t. 

Proof. We work for t — 0. The case t 7^ is analogous. We have already checked 
that A°2'(0) is defined (and zero). 

Two consequences of Lemma are the equalities 

fel 

(72) A}^^^ = J2[x^nv{t)], 
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d 

(73) r}„^z = E[^^nno]- 

4=1 

The definedness of A}^ z;(0) implies that X* n V{t, xi) is 0-dimensional at the 
origin for any i. Hence, taking into account we obtain that Xj2,>{0,0) is 

defined. 

It only remains to be shown that Ay- 2' (O) is defined. The first Le cycle is 

A},z' - [r'/.z' n vidf/dz,)] - [r},z'] 

d 

4 = 1 

We only need to prove that fl V{df/dzi) n V{t) is 0-dimensional at the origin. 
By Identity l|7^^|l the last set is equal to F^^^ 2 l~l V{dfo/dzi). We have to show that 
Fj^ z ^(<9/o/c^2i) is 0-dimensional. If this is not the case then Fj^ 2 is contained 
in V{dfo/dzi, ...,dfo/dzn) and meets the origin. Hence it is contained in V{fo), 
but this is impossible by definition of the relative polar varieties. □ 

Lemma 46. The components 'Ek2+ij---j'^k do not appear. In other words, we have 
k2 = k 

Proof. Applying Proposition 1.21 of the vanishing (|59|) and the constancy of 
the Le numbers of ft we obtain that for any t small enough Aj 2'(^i ^) constant. 

Suppose ^2 7^ k. As Sfc2+i is a 1-dimensional irreducible component of the 
singular locus the cycle [E^^+i] is a- positive summand of 2'- it goes through 
(0, O) but not through {t, O) for t non-zero, we have that Aj- 2' (0, O) is strictly 
bigger than A^ 2' (^7 O), which is a contradiction. □ 

Let Sred denote the analytic subset S with its reduced structure. We have 

Corollary 47. The analytic subset E admits a decomposition in irreducible com- 
ponents at the origin of the form E := U*L]^Si such that each component is 2- 
dimensional at the origin. Moreover the restriction 



(74) 7r|s„, : ^red C 

is fiat. 

Proof. We have proved everything except fiatness. Each of the components of the 
primary decomposition of S^ed is an irreducible component, and all of them map 
dominant by Trjs^^j to the 1-dimensional target C. It is well known that this implies 
that ttIs,,^^ is fiat. □ 

Now we study the geometry of the fibres of the mapping (|74|l in a neighborhood 
of the origin. To obtain a lighter notation we denote S^ed by S. 
Consider the mapping 



(75) 



a:= {zi,t) : S ^C^. 
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As the origin (0, O) is an isolated point of a ^{O), there is a neighborhood U of 
(0, O) in S such that, for any e, rj positive and smaU enough, the restriction 

(76) a\E ■■ E ■.= a-^{DeX D,,)nU ^ D,x 

is a finite mapping, the space i? is a neighborhood of the origin in S and a|^^(0, 0) = 
{(0, O)}. We will denote a|_E simply by a. In the sequel e and rj are chosen always 
so that a is finite. 

We choose e and rj so small that the decompositions E = U^'^iEi and Eq = 
U[^]^i?o.i in irreducible components coincide at the origin with the previously given 
decompositions; in other words, as germs of reduced sets at the origin we have 
Ei = Si and i?o,i = Sg j. We will always choose e small enough that any two 
different components of Eq only intersect at the origin. 

It is well known that for e and 77 sufficiently small the mapping 

(77) ttIe-.E^ 

is a topological locally trivial fibration over D*. 

We consider a decomposition of Et in irreducible components £"4,1, ...,Et^rt for 
any t. The topological local triviality of ttIe over D* implies that the number 
Tgen '■= ft is independent on t as long as < G -D*. For any t G -D* we consider a 
numbering Et.i, ^-t.r en of irreducible components of Et- There is a mapping 
Pt : {1, ...,rgen} {1, fc} defined by the relation Etj C Efj^^jy We also define a 
mapping /3o : {1, f} ^ {1, .-.fc} by the relation Eqj C Ep^^jy 

Let /i( j denote the generic transversal Milnor number of ft at a generic point of 
Etj \ {O}. Observe that there is a finite set /( C such that, for any s € D^\ It, 
the hyperplane V{zi — s) meets Et transversely at points with transversal Milnor 
number fit,j- By Lemma |20l for any s € D^ \ It, the Milnor number of any of the 
isolated singularities of ft\v{zi-s) contained in Etj is equal to ^tj- Moreover, for 
any x G V{zi — s) D Et, we have the equality 

(78) 4(A}^,z,y(zi-s)) = Mt,,; 

indeed, since ft has smooth critical set at s and V{zi — s) meets Et transversely in x, 
the first Le number Ay^ z(^) equal to the generic transversal Milnor number. On 
the other hand, by definition, the Le number is equal to the intersection multiplicity 

Given any component Ei we define a family of germs with isolated singularities 
parametrised over it, by imposing that, for any x d Ei, we assign the singularity at 
X defined by the restriction fTr{x)\v{zi-zi{x))- Let fii be the generic Milnor number 
of the family. Observe that, by the upper semicontinuity of the Milnor number, if 
Etj is contained in then ^i < fxtj- As ^i and ^t,j are the generic values of the 
Milnor number of the hyperplane sections V{zi — s) at Ei and Etj respectively, we 
obtain that for any generic t we have the equality ^i — fit,j'- the subset of Ei in 
which the hyperplane section has Milnor number strictly bigger than fj,i is closed 
in the Zariski topology. We may express the last equality as 

for t generic. 

By Sard's Theorem the mapping tt\e is generically submersive at the regular 
locus of E. 

Proposition 48. The following assertions hold: 
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(1) If 6 is small enough, the analytic set Eq \ {O} is smooth and Tr\E is sub- 
mersive at Eq \ {O}. 

(2) For any j e {1, ...,ro} we have ^oj = Ma,0)- 

Proof. Clearly, if e is small enough, the only singularity of Eq is at the origin. 
The first Le number A^^ zi^) is Io{^}^ Z'^C-^i)) by definition. In Lemma El 

we have proved that A^^ ^ is equal to X^i^iKol — J2iLi[^^] ■ [^(^ " ^o)] for any 
to. By conservation of number in intersection theory we have that for a certain e 
small enough, there exist positive f and r/ such that if s e and t G -D,,, then 

(79) A/o,z(0)= J2 lA[XtlV{z^-s)), 

xeXtnv{zi-s) 

By Equality H78|) , if s G \ It , this quantity is equal to the sum 
(80) 

xev{ft,zi-s) 

of the Milnor numbers of the singularities of the restriction of ft to V{zi — s) which 
are contained in the zero set V{ft, zi — s). 

If either a component of Eq is contained in the singular locus of E, or ttIe is 
not generically submersive at it, then Eq is contained in the ramification locus of 
a, and therefore x {0} is a component of the branching locus of a. Hence, if 
t G D* and ry is small enough the set x {t} is not included in the branching 
locus of a. Then, if s does not belong to the finite set Jo U It, the cardinality of 
Xo n V{zi — s) is strictly smaller than the cardinality of Xt O V{zi — s) for t 0. 
As the cardinality of Xt (1 V{zi — s) is the number of singularities of ft\v{zi~s) 
contained in /t|y(^j_s)(0), by the non-splitting result of Le-Lazzery we have the 
strict inequality 

(81) Y ^^ift\v(zl-s),x) < V{zi-s),X), . 

xev{ft,zi~s) xev{fo,zi-s) 

which is impossible since both quantities are equal to A 2 (O) by Equalities H79I) , (|80|) . 
This proves that tt is generically submersive at any component of Eq. Shrinking e 
we obtain assertion (1). 

Fix So 7^ small enough so that V{zi ~ sq) meets Eq transversely in finitely many 
points. Then there exits ^ small enough that V{zi ~ sq) meets Et transversely for 
any t G E^, and hence 

aU-i({so}xDe) : "^^({so} x D() {sq} x 

is finite and etale. Thus, the space a~^({so} x D^) splits in a finite number of disks 
and we have a natural bijection between S/^ n V{zi — sq) and Y.fg n V{zi — sq) 
induced by incussion in a~^({so} x ^i)- 

Choose X G S/j n — Sq) for a certain t e D^, and let y be the corresponding 
point in n V{zi ~ sq) by the bijection. Suppose that x belongs to Et.j-^ and 
that y belongs to Eqj^- Clearly -Btji and Eqj^ belong to the same irreducible 
component of E, in other words Ptiji) = Po{j2)- The summand of the left hand 
side of Inequality (|81() corresponding to x is equal to Ht,ji and the summand of 
the right hand side of Inequality H81|l corresponding to y is equal to /xo,j2- Observe 
that Ht,ji is equal to /^/JjQi) for t G D* generic, and that, in general, we have the 
inequality ^oj2 ^ t^Poih) ~ /^ft(ji)- Hence the contribution of x to the LHS of 
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Inequality (|81(l is smaller or equal than the contribution of the corresponding point 
y to the RHS, and the contribution is strictly smaller if and only if /io,i2 ^^Mj2)■ 
Therefore, if there exists j G {l,...,ro} for which the inequality /io,j < f^f^aU) 
strict, then the Inequality (|81|l is strict and we get a contradiction again. □ 

Proposition 49. There exist positive e and 77 such that 

(1) the ramification locus of a\E is C x {O}, 

(2) for any t € Dr, and any x G Et.j \ {0} we have l^{ft\v(zi-zi{x)), x) = ^ifto) 
ifty^O and fi{ft\v{zi-zi(x)),x) = tif3o(j) ift = 0. 

Proof. We show that if any of the conclusions is false then the Le number 2,' (^7 O) 
is not independent on t, which is a contradiction, as we have seen in the proof of 
Lemma 0^1 

Since the first polar variety of / is empty, the first Le cycle Aj- 2,1 is the cycle 
associated to the scheme 

W := V{df/dz2,...,df/dzn)\^ n V{df/dzi). 

The first Le number of / at (to, O) is the intersection multiplicity 

\)^2'{h,o)^i^t,^o)muv{t~to)]). 

By conservation of number in intersection theory, if t^ is small enough, we have 

i(o,o){[wuv{t-to)])= i(to,.)muv{t~to)]). 

(to,x)^wr\V(t-to) 

Hence, if there is an irreducible component of W different from C x {O} and passing 
through (0, O) then A}_2;,(0, O) is strictly bigger than A} O) for t ^ 0. 

Suppose that we have {t,x) £ E belonging to the ramification locus of a\E- 
We may assume (if rj is small enough) that in the discriminant of a there are 
no components of the form C x {t} for t 7^ 0. Hence for any s close enough to 
zi{x) the singularity that ft\v(zi-zi(x)) h^is at x splits in several critical points of 
ft\v(zi-s)- By the Le-Lazzery non-splitting result we deduce that there is at least 
one of them, called Xg, such that ft{xs) is not zero. As S is contained in /~^(0) 
we have that [t, Xs) belongs to V(df jdz-i, 9//(9z„) \ S. As Xs converges to x as 
s converges to 21(2;) we conclude that {t,x) belongs to V{df jdzi, ...,df /dzn) \ S. 
As df /dzi{t,x) = (for being {t,x) G E) we deduce that {t,x) belongs to W. 
Therefore, if the first assertion is false there is an irreducible component of W 
which is different from C x {O} and we get a contradiction. 

li t = 0, Assertion (2) follows easily (by shrinking e) from the second assertion 
of Proposition (|48l) . Suppose now that we have {t,x) e E, with t 0, such that x 
belongs to Etj and 

(82) tJ'ift\v{zt~zt{x)),x) > fif3,(j). 

Choose a neighborhood U of a; in C" such that x is the only critical point of 
ft\v{zi-zi{x)) in C/ n V{zi — zi{x)). As, for generic s, the Milnor number of any 
of the singularities of ft\v(zi-s) Etj is equal to fJ-p^ij) (use previous Proposition 
applied to Et instead of i^o), by the strict inequality (|82|l . we can approximate zi{x) 
by a sequence {snjneN such that ft\v{zi~sn) has several critical points in U. By 
the Le-Lazzery non-splitting result we deduce that there is at least one of them, 
called Xn, such that ft{xn) is not zero. From this point the proof proceeds like the 
proof for the first assertion. □ 
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Proof of Theorem \4S\ By the remarks after the statement of the theorem we know 
that it is sufficient to prove that the first condition implies the conclussion. 

The dimensional requirement of the first condition for equisingularity at the 
critical set follows from Lemma 031 1 Lemma 1^ and Lemma 021 The first assertion 
of Proposition 1491 implies that Et is smooth outside the origin, and that 

7T\E\iCx{o}) ■■ E\{C X {O}) ^ D., 

is a submersion. This gives the first condition for equisingularity at the critical set. 

The first assertion of Proposition^^also implies that for any t e -D,, the mapping 
zi : Et \ {O} C has no critical points. Therefore the mapping : i5t ^ R has 
the origin as its only minimum and has no critical points in Et \ {O}. Thus the 
restriction |zip : Et \ {O} — > (0, e] is a proper function without critical points for 
any t e Z3,j. This function trivialises the desired cobordism and implies the second 
condition for equisingularity at the critical set. 

The third condition of equisingularity at the critical set follows from the second 
assertion of Proposition 0ni D 

8. Topological stems 

Here we modify Pellikaan's inductive definition of stem of degree d in order 
to define topological stems, and prove Theorem D. We refer the reader to the 
introduction and to the papers cited there to find motivation for the definition 
and applications of stems, and for an explanation of why our modification of the 
definition is a reasonable one. 

Let m denote the maximal ideal of ©(c^.o)- 

Definition 50. Let d be a positive integer. We define topological stems of degree 
d inductively as follows: 

• A holomorphic function germ f : (C",0) —f<Cisa topological stem of 
degree f if there exists a positive integer N such that for any g G m^, 
and t € C sufficiently small, either f + tg has an isolated singularity at the 
origin, or it is topologically R-equisingular to f. 

• A holomorphic function germ f : (C",0) —>■ <C is a topological stem of 
degree d if there exists a positive integer N such that for any g G m^, and 
< G C sufficiently small, either f + tg is a stem of degree strictly smaller 
than d, or it is topologically R-equisingular to f. 

Theorem 51. A holomorphic function germ f : (C", O) C is a topological stem 
of positive finite degree if and only if its critical set is 1-dimensional at the origin. 

Proof. Suppose that the critical set of / is f-dimensional at the origin. We will show 
that / is a topological stem of degree bounded by its first Le number with respect 
to a generic coordinate system. We work by induction on the first Le number. Let 
Z be generic coordinate system. Then f\v{zi) has an isolated singularity at the 
origin, with Milnor number /i. As f\v(zi) is /i + f -determined, for any g G m^+^ 
and any i G C the restriction of the function ht :— f + tg to V{zi) has an isolated 
singularity at the origin (with the same Milnor number). In this situation the Le 
numbers of ht at the origin with respect to Z are well defined for any < G C. 

Suppose that z(^) constant for t sufficiently small. In view of Defini- 
tion 4.1 of T^, it is easy to show that any polar ratio of ht is bounded above by 
Mt :— Xht,ziO) + 1- By the lexicographical upper semicontinuity of the Le numbers 



TOPOLOGICAL EQUISINGULARITY 



49 



we have that M :— Mq > Alt for t small. The function ho + zf'^ has an isolated 
singularity at the origin (see Lemma 4.3, 14 ). Denote by /io its Milnor number. 
Consider TV := + 2. Notice that, as /iq + z^^ \s N — 1-determined, if g belongs 
to we have the equality of Milnor numbers 

(83) ii{ho + -4') = n{ht + ) 

for any t. By the Le-Iomdine formula, if the first Lc number of ht is constant then 
the 0-th Le number is constant as well, and applying Theorem 1411 wc find that ht 
is topologically i?-equisingular for t small enough. 

Otherwise zi^) sufficiently small) is strictly smaller than A^^^ z(*^)- 
this case, by induction hypothesis, the germ ht is a topological stem of finite degree 
bounded by its generic first Le number at the origin, wich is in turn bounded 
by X\ z(0). We conclude that / is a topological stem of degree bounded by 
A},z(0). □ 

9. The underlying deformation of the critical set 

Notice that the condition of equisingularity at the critical set imposes no condi- 
tion at the origin. This observation is probably the explanation of the phenomena 
shown in this section. Below we will show how to produce examples of families 
which are equisingular at the critical set, but such that the critical set experiences 
drastic changes from the analytic viewpoint. We also prove a new topological R- 
equisingularity condition for families for which the reduced critical set undergoes a 
flat /i-constant deformation of reduced curves in the sense of [Hj . 

We have shown that, if in a family of germs with 1-dimensional critical set the Le 
numbers with respect to a generic coordinate system are constant, then the family 
is topologically i?-equisingular. However topological equisingularity does not imply 
the constancy of the Le numbers, even if the dimension of the critical set is 1 
(in particular the Le numbers are not topological invariants). In jSj the following 
counterexample was constructed: 

Example 52. Define germs f,gt : (C'^,0) C by 

f{x,y,z) :=xi5+yi" + z6 

gt{x,y, z) xy + tz. 

Ft:^f-gl' = {.f + g!)if-g!). 

The family Ft has critical set of dimension 1, it is topologically R- equisingular, hut 
the Le numbers with respect to a generic coordinate system are not independent on 
t. 

Let us mention that (/, gt) : (C"^, 0) — > C is an example due to Henry (appearing 
in |3]) of a family of i.c.i.s. with constant Milnor number and non-constant multi- 
plicity. In |S] we present a proof of the topological i?-equisingularity of this example 
based on the results of 0]. An alternate proof of this can be obtained proving that 
Ft is equisingular at the critical set. To do this we first show that, after fixing a 
certain radius e > 0, the critical set of Ft with reduced structure is given by V{f, gt) 
(this can be done in the same way that we treat the next Example I54() . After we 
observe that, as V{f, gt) defines a /z-constant deformation of the reduced curve sin- 
gularity V{f,go), we have that V{f,gt) is topologically equisingular (see 0). This 
implies the first two conditions for equisingularity at the critical set. The third 
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condition, which deals with transversal Milnor numbers can be established by an 
easy inspection of the equation of Ft . 

The following theorem shows that the previous example illustrates a general 
phenomenon. 

Theorem 53. Let / : C x (C", O) (C,0) be a family of holomorphic germs at 
the origin, holomorphically depending on a parameter t, and having 1-dimensional 
critical set at the origin. Let Y, :— V{df/dzi,...,df/dzn). Suppose that all the 
irreducible components of E at (0, O) are of dimension 2 and that the restriction 

is a fiat morphism with reduced fibres ( where S^ed is S with reduced structure and 
TT is the restriction of the projection of C x C" to the first factor) such that the 
Milnor number at the origin fj,{{J^red)t,0) (in the sense of ^) is independent oft. 
If, in a neighborhood of (0, O) in C x C", the generic transversal Milnor number of 
ft at any point (t, x) of Sred \ C x {O} only depends on the irreducible component 
ofY^red to which {t,x) bclongs then the family f is topologically R-equisingular. 

Proof. Using '3', Section 5 one proves easily the first two conditions of equisingu- 
larity at the critical set. After this the third condition follows now easily from the 
hypothesis. The result follows applying Theorem 001 O 

However, the condition given in the previous theorem is again not a character- 
isation of topological i?-equisingularity. The point is that the family of reduced 
critical sets docs not undergo, in general, a flat deformation. If a holomorphic fam- 
ily /: C x (C", O) (C, 0) of function germs ft with 1-dimensional critical set at 
the origin, is equisingular with respect to the critical set then it is easy to see that 
the restriction tt : S^ed — > C is flat at (0,0). However, what is not true in general 
is that the fibre {'Ered)o is reduced. In fact it may have embedded components at 
the origin. 

Consider the following deformation of a parametrisation in C'^ (with deformation 
paremeter t): 

(84) x^s^ y^s^ z = ts. 

The following equations in C{t, x, y, z} define the image Z C C x of the family 
as a set: 

(85) ty-xz^Q tx-^ -y'^z^O y^ - x^ ^ t^x - = 0. 
Example 54. The family 

(86) ft {ty - xz)^ + {tx^ - y^zf + (y^ _ + {t'^x - z^^ 

is equisingular at the critical set. For any t its critical set is the image of the 
parametrisation ^84^ . Hence, the family o/ reduced critical sets does not undergo, 
in general, a fiat deformation ( the fibre of tt : Sres 'C at Q has an embedded 
component at the origin). Observe that the critical set iYit)red is smooth for t ^ 
and singular (of multiplicity 3) for t — 0. The transversal Milnor number is 6 and, 
hence the first Le number with respect to a generic coordinate system is 6 for t ^ 
and 18 for t = 0. Clearly any stabilisation of the form 

(87) gt := ft + u'' + v' 

has all the above properties and, by Theorem \4(A is topologically R-equisingular. 
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Before checking the assertions of the example, we observe the following: 

Remark 55. We have obtained two topologically R-equivalent functions with crit- 
ical locus of dimension \, such that the critical set is smooth for one of them and 
singular at the origin for the other. To the author's knowledge it is the first time 
that this behavior is observed. 

The equation /( is quasihomogeneous of degree 30 if we give weights (3,4, 1) to 
the variables (x, y, z). This shows that for any t the critical set of ft is contained 
in the central fibre. In the weighted homogeneous plane P(3,4, 1) it is easy to see 
that the curve defined by = has a unique singular point corresponding to the 
curve Ct parametrised by equations (|84|l . Hence the critical set of ft is precisely 
the curve Ct. To show the equisingularity at the critical set of the family ft we 
only have to check the condition on the transversal Milnor number, but this follows 
from an easy inspection of the equations (the reader may check that the generic 
transversal Milnor number at any point of Ct \ {O} is controlled by the following 
terms of the equation: {tx^ — y'^zY + [y'^ — x'^Y). After this the equisingularity at 
the critical set of gt follows easily. As : ^ C is defined in the good range of 
dimensions (n > 5) we can apply Theorem 1401 and conclude that the family gt is 
topologically i?-equisingular. 

The fact that the transversal Milnor number in Ct \ {0} is controlled by the 
terms {tx^ — y^z)'* + [y^ — x'^Y suggests to play the following game. Observe that 
the multiplicity of ft is 9 and that the monomials of order 9 appear in the terms 
{y^ ~ x'^Y (for any t) and {ty — xzY (only for t ^ 0). Replacing the term {ty — xzY 
by {ty — xzY we expect not to change the generic transversal Milnor number at 
any point of Ct \ {O}, since it is controlled by two different terms. In fact one may 
check that 

(88) ht := {ty - xzY + (te^ - y^zY + (y^ - + {t^x ~ 2^)12 

is a family such that the only component of the critical set of /( meeting the 
origin is precisely Ct, with generic transversal Milnor number equal to 6 at any 
point of Ct \ {O}. Unfortunately the family is not equisingular at the origin since 
for t ^ the critical locus contains precisely 1 Morse point outside Ct, and this 
Morse point converges to the origin as t approaches 0. As the family has not 
constant multiplicity, if this Morse point would have not appeared, then we would 
have obtained a counterexample of Zariski's multiplicity conjecture (after adding 
high powers of new variables in order to meet the dimensional restrictions of our 
equisingularity results). 

The last examples shows that we have a great deal of flexibility in deforming 
the critical set in a family which is equisingular at the critical set (and, in the cor- 
rect range of dimensions, topologically i?-equisingular). We propose the following 
problem: 

Problem 56. Construct examples of non- equimultiple, but topologically equisingu- 
lar, families of parametrised curves (like \84}) , with one or several components, and 
families of functions whose critical set consists exactly with the parametrised curve 
and has a prescribed transversal Milnor number outside the origin (like ft). Observe 
that in these conditions the constructed family is equisingular at the critical set. 
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Specially in the case in which Ct is not an i.c.i.s., and thus we need more equations 
than its codimension to define it, we could have enough space to construct examples 
of equisingular at the critical set families which are not equimultiple. 
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